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Abstract— Index modulation concept has attracted considerable research interest in the past few years. As a realization
of index modulation in the frequency domain, orthogonal frequency division multiplexing with index modulation (OFDM-IM)
has recently been proposed, which conveys information bits
through both the subcarrier activation patterns and the amplitude phase modulation constellation points. This paper proposes
two enhanced OFDM-IM schemes aimed at achieving higher
spectral efficiency and diversity gain, respectively. The first one,
termed OFDM with hybrid in-phase/quadrature index modulation (OFDM-HIQ-IM), explores the I- and Q- dimensions
jointly for index modulation, allowing transmission of more
index modulation bits in each subcarrier group. The second one,
termed linear constellation precoded OFDM-IQ-IM (LP-OFDMIQ-IM), spreads information symbols across two adjacent active
subcarriers through linear constellation precoding to harvest
additional diversity gain. By maximizing the minimum squared
Euclidean distance, two different realizations of LP-OFDM-IQIM are derived, which leads to a rotated and a diamondshaped constellation, respectively. The proposed OFDM-HIQ-IM
and LP-OFDM-IQ-IM, as revealed by both theoretical analyses and computer simulations, enable low-complexity detection
and exhibit superior error rate performance over the existing
OFDM-IM schemes.
Index Terms— Coordinate interleaving, index modulation, inphase/quadrature, linear constellation precoding, log-likelihood
ratio, OFDM.

I. I NTRODUCTION

I

NDEX modulation (IM) is a recently-emerging concept,
which, as its name suggests, refers to a category of
modulation techniques that rely on the index(es) of some
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medium to modulate information bits, where the medium can
be either actual, such as antenna and frequency carrier, or
virtual, such as space-time matrix, antenna activation order,
and virtual parallel channels [1], [2]. The information bits
carried by the index(es) generally consume little or even no
power, making IM techniques very competitive candidates for
the fifth generation (5G) wireless networks that aim at both
high spectral efficiency (SE) and energy efficiency (EE) [2].
Spatial modulation (SM) [3], which belongs to the multipleinput multiple-output (MIMO) family, is a famous representative of IM applied to the space domain. In SM, a single antenna
is activated to transmit an M-ary modulated symbol, whose
index is involved in the process of information conveying.
Owing to the requirement of a single radio frequency (RF)
chain, the EE of SM is shown to potentially outperform that
of conventional MIMO systems [4], [5]. However, the random
activation of a single antenna in SM limits the SE of the system
and the diversity gain to the receiver side. To improve the SE,
a natural way is to activate more antennas and use the antenna
combination for indexing. Such idea has been realized by the
so-termed generalized spatial modulation (GSM), in which
multiple active antennas can transmit only one [6] or multiple
modulated symbols [7] depending on the configuration of
RF chains. Another effective way to improve the SE is to
expand the spatial constellation domain to a new dimension
by utilizing both in-phase (I-) and quadrature (Q-) components.
This scheme, called quadrature spatial modulation (QSM),
transmits an additional base-two logarithm of the number of
transmit antennas bits without adding any new RF chain [8].
Naturally, by allowing multiple RF chains to transmit multiple
modulated symbols, the SE can be further improved with
QSM [9]. Besides the aforementioned two schemes, the
enhanced spatial modulation (ESM) scheme can also improve
the SE by using multiple distinguishable signal constellations [10]. On the other hand, to improve the diversity gain, many efficient schemes have been proposed,
including the space-time block coded spatial modulation
(STBC-SM) [11] and the coordinate interleaved spatial modulation (CI-SM) [12]. STBC-SM uses the Alamouti code [13]
as a basic transmission structure to achieve additional transmit diversity order whilst CI-SM applies the coordinate
interleaved orthogonal design (CIOD) principle, which was
originally proposed for communications over single-antenna
channel [14], [15] and MIMO channels [16]–[18], to achieve
signal-space modulation diversity. More related studies on SM
can be found in the recent surveys of [19], [20].
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Orthogonal frequency division multiplexing with index
modulation (OFDM-IM), which is a modification of OFDM,
is a promising frequency-domain IM technique [2]. Similar to
GSM, OFDM-IM activates a subset of subcarriers to transmit
M-ary modulated symbols and uses the subcarrier activation
patterns (SAPs) to convey additional information. This principle originally appeared in 1999 [21], which is motivated
by the parallel combinatory spread spectrum concept. As the
development of SM, OFDM-IM has been also developed. The
first scheme that exploits a similar idea is called subcarrier
index modulation OFDM (SIM-OFDM) [22], in which half of
the subcarriers are activated according to the incoming information bits and some of the other subcarriers are dedicated to
control signaling. To solve the underlying error propagation
problem in SIM-OFDM, an enhanced SIM-OFDM scheme
is later proposed in [23], which uses one bit to control two
adjacent subcarriers such that only one subcarrier is activated
at a time. The limitation on the number of active subcarriers
is relaxed in [24], where the proposed new scheme is coined
as what we know OFDM-IM. After the emergence of [24],
OFDM-IM has started to receive widespread attention from
the research community. Similar to classical OFDM, OFDMIM is able to exhibit single-symbol decoding complexity
when employing the log-likelihood ratio (LLR) [24] or lowcomplexity maximum-likelihood (ML) [25] detection. Performance comparison with classical OFDM has been made in
the literature for both uncoded and coded scenarios, where
the available results show that OFDM-IM enjoys lower bit
error rate (BER) [24], higher achievable rate [26], and higher
EE [27], [28]. Moreover, since only partial subcarriers are
active, OFDM-IM has the potential to suppress the inter-carrier
interference [29], which usually arises in OFDM systems,
and can be applied to communication applications suffering
from severe Doppler effects, such as underwater acoustic
communications [30].
Similar to the case of SM, the SE and diversity issues
exist in OFDM-IM. So far, a great deal of work have
been performed to explore the SE issue. In [31], OFDM
with generalized index modulation (OFDM-GIM) is proposed, where the number of active subcarriers is variable and
more SAPs are encoded for indexing. Motivated by the idea
of QSM, OFDM with in-phase/quadrature index modulation
(OFDM-IQ-IM) is designed, which performs OFDM-IM on
the I- and Q- components independently, doubling the number
of IM bits [25], [31]. Moreover, it is reported that under an SE
of 2 bps/Hz, OFDM-IQ-IM demonstrates more than 6dB and
3dB signal-to-noise ratio (SNR) gains over classical OFDM
and OFDM-IM, respectively [25]. Unlike the aforementioned
two schemes, which focus on the enlargement of the index
domain, the recently-emerging dual-mode index modulation
aided OFDM (DM-OFDM) improves the SE by ensuring
the increase of the number of ordinary modulation bits. The
improvement is achieved by dividing all subcarriers into two
groups and modulating the subcarriers within groups with two
distinguishable constellation alphabets [32]. In [33] and [34],
a direct combination of OFDM-IM with MIMO transmission techniques, which is called MIMO-OFDM-IM, is proposed to obtain a linear increase of the SE, while sequential
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Monte-Carlo based low-complexity near-ML detection algorithms are proposed for MIMO-OFDM-IM in [35]. Alternative
to this direct combination, generalized space-and-frequency
index modulation (GSFIM) improves the SE by activating
a group of transmit antennas according to partial information bits and selecting the active space-frequency elements
at the active transmit antennas according to the remaining
information bits [36]. On the other hand, different ways
have been used to explore the diversity issue. Instead of
localized subcarrier grouping, the interleaved based version is
suggested for OFDM-IM to obtain frequency diversity [26],
[37], [38]. In [39], the CIOD is applied to two complex
modulated symbols carried on an active subcarrier pair, which
improves the transmit diversity of OFDM-IM from unity to
two. By combining the Alamouti code and MIMO-OFDM-IM,
an additional diversity gain is obtained by the space-frequency
coded index modulation (SFC-IM) scheme [40].
Against the background, we propose two new schemes to
enhance the performance of OFDM-IM with a focus on SE and
diversity gain, respectively. Their principles and advantages
are summarized as follows.
• The first proposed scheme is called OFDM with hybrid
in-phase/quadrature index modulation (OFDM-HIQ-IM),
which selects the elements from the grid formed jointly
by the I- and Q- dimensions for indexing. The idea
is motivated from the property that the IM bits have
a stronger protection than the ordinary modulation bits
and from the deficiency of OFDM-IQ-IM that when the
number of SAPs is not equal to an integer power of two,
a considerable portion of SAPs have to be discarded due
to the independent indexing of I- and Q- components.
However, we notice that involving all possible elements
for indexing will not necessarily improve the BER performance since some active elements may experience the
same fading, which results in a loss of frequency diversity.
To solve this problem, OFDM-HIQ-IM only includes
those with the equal number of I- and Q- components
for indexing, allowing the transmission of one more
IM bit in each subcarrier group than OFDM-IQ-IM in
most cases. Both LLR and low-complexity ML detectors
that exhibit near-optimum performance, are designed for
OFDM-HIQ-IM. An asymptotically tight upper bound
on the BER and the analysis for the achievable rate of
OFDM-HIQ-IM systems are also provided.
• The second proposed scheme, which is called linear constellation precoded OFDM-IQ-IM (LP-OFDM-IQ-IM), is
motivated from the linear constellation precoding (LCP)
technique, which was originally proposed for OFDM systems to achieve the maximum diversity gain and includes
the CIOD as its special case [41], [42]. To the best of
our knowledge, only [43] attempts to employ the LCP
to enhance the diversity performance of an IM system,
namely SM-OFDM. However, a direct application of this
method to OFDM-IM related systems may be not efficient
since in those systems, the minimum squared Euclidean
distance of the transmitted signal set additionally depends
on IM. Specially, in LP-OFDM-IQ-IM, the subcarrier
activation effect is considered in the design and the LCP
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of p1 bits, determines the activation of k out of n subcarriers
within the β-th group, whose indices as sorted in ascending
order are given by
Iβ = {i β,1, . . . , i β,k }

Fig. 1.

Block diagram of the OFDM-IM transmitter.

applies to the I- and Q- components of OFDM-IM signals
simultaneously. By maximizing the minimum squared
Euclidean distance, two different precoding methods that
resort to the constellation rotation and constellation compression, respectively, are derived, harvesting a diversity
order of two.
The rest of this paper is outlined as follows. Section II gives
a brief review of OFDM-IM. The transceiver structure and
theoretical analyses, including the BER and achievable rate
performance, of OFDM-HIQ-IM are presented in Section III.
Section IV describes the LCP design for LP-OFDM-IQ-IM.
Computer simulation results and comparisons are given in
Section V. Finally, Section VI concludes the paper.1
II. OFDM-IM R EVISITED
The block diagram of the OFDM-IM transmitter is redrawn
from [24] in Fig. 1. The total OFDM subcarriers have a
count of N and are divided into g groups, each consisting
of N/g = n subcarriers. We consider the interleaved subcarrier grouping for its superiority, which ensures that the
indices of the subcarriers within the β-th group are given by
β = {β, β + g, . . . , β + (n − 1)g}, where β = 1, . . . , g
[26], [37]. The block of incoming bits for the generation of an
OFDM symbol is of length m and also split into g blocks, each
containing m/g = p bits. For each block, the p bits are further
divided into two parts for different purposes. Take the β-th
block as a demonstrative example. The first part, comprised
1 Notation: Upper and lower case boldface letters denote matrices and
vectors, respectively. Superscripts T , H , and −1 stand for transpose, Hermitian
transpose, and inversion operations, respectively. rank{X} and Tr{X} return
the rank and the trace of matrix X, respectively. diag{x} creates a diagonal
matrix whose diagonal elements are included in x. In denotes the identity
matrix of dimensions n × n. R{·} and I{·} return the real and imaginary parts
of the argument, respectively. E X [·] represents the expectation over a random
variable (RV) X. The probability density function (PDF) and the probability
of an event are denoted by f (·) and Pr (·), respectively. H (·) and I (·, ·)
denote the entropy and the mutual information, respectively. X ∼ CN (0, σ X2 )
represents the distribution of a circularly symmetrical complex Gaussian RV X
with variance σ X2 . ·, ·, and mod(·, ·) denote the floor, ceiling, and modulo
operations, respectively. C (·, ·) denotes the binomial coefficient. Q(·) denotes
the tail probability of the standard Gaussian distribution. R denotes the set
of real numbers. e1 , e2  denotes the angle between two vectors e1 and e2 .
e1 · e2 denotes the inner product of two vectors e1 and e2 .

(1)

where Iβ ⊆ β . The remaining n − k subcarriers are set
to be inactive. How to relate a specific SAP to random
bits has been solved with a combinatorial method in [24]
and will be detailed in Section III.B. Since Iβ has C(n, k)
possible realizations, we have p1 = log2 (C(n, k)). The
second part, comprised of p2 bits, selects k constellation points
independently from the normalized M-ary complex signal set
X , yielding
T

(2)
sβ = sβ (1) , . . . , sβ (k)
where sβ (γ ) ∈ X is to be transmitted over the subcarrier
of index i β,γ , γ = 1, . . . , k. Explicitly, p2 = k log2 (M).
By taking into account Iβ and sβ for all β and concatenating
g groups, the frequency-domain OFDM symbol is created as
x = [x (1) , . . . , x (N)]T

(3)

where x(α) ∈ {0, X }, α = 1, . . . , N. Before transmission, the
inverse fast Fourier transform (FFT) is applied to x and a cyclic
prefix (CP) of length longer than the maximum channel delay
spread is appended to the output.
At the receiver, the CP is first removed and the remaining
signal is then transformed by the FFT algorithm into the
frequency domain, yielding
y (α) = h (α) x (α) + w (α) , α = 1, . . . , N

(4)

where h (α) and w (α) are the channel frequency response
(CFR) and the additive white Gaussian noise (AWGN) sample
at the α-th subcarrier, respectively. It is assumed that the
distributions of h (α) and w (α) are CN (0, 1) and CN (0, N0 ),
respectively, where N0 is the noise variance. From (4) and noting the encoding independence among different groups/blocks,
the optimal ML detector for the β-th group can be derived as


n
k






 
 yβ (λ)2 +
h i β,γ sβ (γ )2
Iˆβ , ŝβ = arg min
Iβ ,sβ

−2

k


λ=1

γ =1



y ∗ i β,γ h i β,γ sβ (γ ) .

(5)

γ =1

where yβ (λ) =
y (β + (λ − 1)g) , β
= 1, . . . , g,
λ = 1, . . . , n. Explicitly, the direct calculation of (5) requires
a complexity of order O(C(n, k)M k /n) per subcarrier, which
grows exponentially with M and linearly with C(n, k). For
practical use, we can instead resort to the LLR detector [24]
or the low-complexity ML detector [25], both enabling singlesymbol decoding complexity and near-ML performance. After
the detection of the active indices and the modulated symbols,
the information bits are recovered by the index demapper and
the symbol demodulation.
At this point, we discuss two issues of OFDM-IM related
to our work as follows.
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operations are removed to highlight the differences from
Fig. 1. Similar to OFDM-IM, OFDM-HIQ-IM divides the total
OFDM subcarriers into g groups in an interleaved manner
and splits the incoming m bits into g blocks, each containing p bits. However, differently, OFDM-HIQ-IM further
divides the p bits into three parts rather than two. Let us
also focus on the
The first part, comprised of
 β-th block.

bits, selects k I out of
p1 = log2 C n, k I C n, k Q
I
n subcarriers to transmit k real symbols, and another k Q
out of n subcarriers to transmit k Q imaginary symbols. The
non-selected subcarriers remain idle during communications.
The indices of the selected subcarriers are included in Iβ =
Q
{IβI , Iβ }, where
Q
Q
Q
I
I
, . . . , i β,k
IβI = {i β,1
I }, Iβ = {i β,1 , . . . , i β,k Q }

Fig. 2.

Block diagram of the OFDM-HIQ-IM transmitter.

1) Spectral Efficiency: Without taking into account the CP,
the SE of OFDM-IM systems, measured in bps/Hz, is given by
p1 + p2
n
log2 (C (n, k))
k
+ log2 (M)
=
(6)
n
n
where the first and the second terms at the right hand side are
contributed by the IM and the M-ary modulation, respectively.
Due to the presence of the exponent k, M k grows faster than
C (n, k) generally, rendering (6) to be limited to the second
term in most cases.
2) Diversity Order: Define two diagonal matrices of dimensions n × n, Xβ and X̂β , whose diagonal elements represent two different transmission realizations in the frequency
domain for the β-th group, given by [x β (1), . . . , x β (n)]T
and [x̂ β (1), . . . , x̂ β (n)]T , respectively, where x β (λ) =
x(β + (λ − 1)g), x̂ β (λ) = x̂(β + (λ − 1)g), λ = 1, . . . , n.
Let hβ = [h β (1), . . . , h β (n)]T denote the CFR vector collected from the β-th group, where h β (λ) =
h(β + (λ − 1)g), λ = 1, . . . , n. The diversity order achieved
by OFDM-IM systems is shown in [24] to be
F O F D M−I M =

dmin = min rank{KAβ }

(7)

where K = E{hβ hβH } is the covariance matrix of hβ and
Aβ = (Xβ − X̂β ) H (Xβ − X̂β ). Noting that Xβ is independent
of X̂β with x β (λ), x̂ β (λ) ∈ {0, X } and K becomes diagonal
for sufficiently large N, we have dmin = 1, which means the
diversity order is limited to unity.
III. T HE OFDM-HIQ-IM S CHEME
To improve the SE of OFDM-IM, we propose OFDM-HIQIM in this section.
A. Introduction of OFDM-HIQ-IM
The transmitter structure of OFDM-HIQ-IM is depicted in
Fig. 2, where the subsequent inverse FFT and CP insertion

(8)

represent the indices of the selected subcarriers that carry
the real and imaginary symbols, respectively. The second and
the third parts, comprised of p2I = k I log2 (M) and p2Q =
k Q log2 (M) bits, respectively, generate the k I real symbols,
denoted by sβI = [sβI (1), . . . , sβI (k I )]T , from the normalized
M-ary PAM constellation Z = {z 1 , . . . , z M }, and the k Q imagQ
Q
Q
inary symbols, denoted by j sβ = j [sβ (1), . . . , sβ (k Q )]T ,
from j Z. Then, by combining the I- and Q- components, the
transmitted frequency-domain symbols for the β-th group are
Q
Q
generated as x β (λ) = x βI (λ)+ j x β (λ), where x βI (λ), x β (λ) ∈
{0, Z}, λ = 1, . . . , n.
After this point, the same procedures as those of OFDM-IM
are applied except the ML detection, which can be formulated
as (9), shown at the bottom of the next page, where r (α) 
r I (α) + jr Q (α) = y (α) / h (α) , α = 1, . . . , N, and rβ (λ) =
r (β + (λ − 1)g) , β = 1, . . . , g, λ = 1, . . . , n. After acquiring
Q
( Iˆβ , ŝβI , ŝβ ) from (9), which is given at the bottom of the
next page, Iˆβ is de-mapped to the IM bits and (ŝβI , ŝβQ ) are
demodulated to obtain the ordinary modulation bits. It is clear
from (9) that the ML detector necessitates an exhaustive search
through all possible joint I- and Q- SAPs, which incurs a large
decoding delay compared with OFDM-IQ-IM. This problem
can be significantly alleviated by the proposed low-complexity
detectors, as will be introduced in Section III.C.
B. Index Mapping and Demapping
In this subsection, we first describe the implementation of
the index mapper and demapper for OFDM-HIQ-IM systems
and then clarify the underlying reason for such design.
The mapping of the incoming p1 bits to Iβ involves the
following three steps:
1) Step 1: Convert the p1 bits to an integer Z ∈ [0, 2 p1 −1];
2) Step 2: Calculate parameters Z I and Z Q from




Z
Q
Q

ZI =
=
mod
Z
,
C(n,
k
)
. (10)
,
Z
C n, k Q
η

3) Step 3: Relate Iβ with Z η , η ∈ {I, Q}, according to
η

η

Z η = C(i β,k η − 1, k η ) + · · · + C(i β,1 − 1, 1)

(11)
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TABLE I
A LL P OSSIBLE SAPs OF OFDM-IQ-IM AND OFDM-HIQ-IM FOR n = 4, k I = 2, AND k Q = 2

η

where i β,k η is the maximal integer that satisfies Z η ≥
η
η
C(i β,k η − 1, k η ), and i β,k η −1 is the maximal integer that satη
η
η
isfies Z − C(i β,k η − 1, k η ) ≥ C(i β,k η −1 − 1, k η − 1), and so
on. Note that this step is exactly the so-called combinatorial
method in [24].
The mapping of Iβ to p1 bits follows a reverse process.
Specifically, we first obtain Z I and Z Q from (11), and then
calculate Z from Z = Z I C(n, k Q )+ Z Q , and finally convert Z
from decimal to binary.
From above, an example of (n, k I , k Q ) = (4, 2, 2) is
η
η
presented in Table I, where I¯β = (Iβ − β)/g + 1,
η ∈ {I, Q}, and all possible SAPs of OFDM-HIQ-IM are
listed. For comparison, we also list the SAP set selected by
OFDM-IQ-IM. It should be noted that though OFDM-HIQ-IM
explores both I- and Q- dimensions, it involves more active
elements than OFDM-IQ-IM for IM. In OFDM-IQ-IM,
IβI and IβQ are independently selected by the IM bits, which,
 

 

as a result, can only encode 2 log2 C n,k + log2 C n,k
active elements [25], [31]. However, in OFDM-HIQ-IM,
IβI and IβQ are jointly selected, which allows encod 

I



I

Q

I

Q

Q

ing of 2 log2 C n,k C n,k
active elements. Therefore, in
this example, we see that there are in total 16 SAPs
for OFDM-IQ-IM, while this number is doubled for
OFDM-HIQ-IM, which means one more IM bit per group can
be conveyed by OFDM-HIQ-IM.
Clearly, the SE of the OFDM-HIQ-IM system is given by
 
 

1
log2 C n, k I C n, k Q
FH I Q =
n
kI + kQ
log2 (M) .
+
(12)
n
If we let k I = k Q =
√ k and all symbols carried on
the I- and Q- branches be M-PAM modulated in (12), the SE
of OFDM-HIQ-IM becomes (6) except that C(n, k) is replaced
with C 2 (n, k), which implies that a considerably improved SE
is achieved compared with OFDM-IM.
Remark: It should be noted that OFDM-HIQ-IM does not
fully explore the I- and Q- dimensions since it requires
a fixed number of active subcarriers on each dimension.
In fact, much more possible SAPs, which have a total number



 

, can be exploited to transmit the same
of 2 log2 C 2n,k +k
number of k I + k Q symbols without this constraint. However,
despite a significant expansion of the index domain in this
manner, a large portion of SAPs would become difficult to
differentiate due to their lower inter-SAP Euclidean distances,
which in turn deteriorates the BER performance. This can
be understood via the following example. Assume (n, k I +
Q
k Q ) = (4, 4) and two SAPs { I¯βI1 , I¯β1 } = {{1, 2, 3, 4}, {}} and
Q
{ I¯βI2 , I¯β2 } = {{2, 3, 4}, {1}}. Then, it can be shown that the
pairwise error
probability (PEP) between these two SAPs,

Q
Q
I
¯
namely Pr { Iβ1 , I¯β1 } → { I¯βI2 , I¯β2 } , will be much higher than
that between any two SAPs of OFDM-HIQ-IM in Table I at
high SNR since the former declines with the first power of
SNR while the latter decreases with at least the square of
SNR. Therefore, considering that OFDM-HIQ-IM successfully
avoids the problem of diversity loss for the PEP events
involving different SAPs while achieving SE improvement, it
is much preferred. Another reason for this preference is that
OFDM-HIQ-IM enables low-complexity detection, as will be
shown in the next subsection.
C. Low-Complexity Detectors
The ML detection in (9) is optimal; however, it leads to
a prohibitive computational complexity, which is of order
O(2 p1 M(k I + k Q )/n) per subcarrier. To solve this problem,
we propose two sub-optimal detection methods with significantly reduced computational complexity, called LLR detector
and low-complexity ML detector, for OFDM-HIQ-IM in this
subsection.
1) LLR Detector: For LLR detection, the first step is to
calculate the LLR values associated with the 2n I- and
Q- components for each group, which are defined as the ratio
between the probabilities of activation and inactivation [24]:
2



η
h
β (λ) rβ (λ)
η
L β (λ) ∝
N0 /2
M
2
 
 − |h β (λ)| r η (λ)−z 2
β
N0 /2
, η ∈ {I, Q} (13)
+ ln
e
=1

kI
kQ








Q
Q
I
2 I
I
I
I
ˆIβ , ŝβI , ŝ Q = arg min
|h i β,κ | [sβ (κ) sβ (κ) − 2r i β,κ ] +
|h(i β,ν
)|2 [sβQ (ν) (sβQ (ν) − 2r Q (i β,ν
))]
β
Iβ ,sβI ,sβQ κ=1

ν=1

(9)
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TABLE II
C OMPLEXITY C OMPARISON B ETWEEN LLR, L OW-C OMPLEXITY ML, AND ML D ETECTORS

where β = 1, . . . , g. The second step is to sort
η
η
[L β (1) , . . . , L β (n)]T in descending order and pick out the
η
first k η ones, whose corresponding subcarriers of indices Iˆβ =
η
η
{î β,1, . . . , î β,k η } are regarded to be active, where η ∈ {I, Q}.
The third step is to search for the most likely modulated
symbol carried on the active subcarriers via
2
  
η
η
η
η
ŝβ (τ ) = arg min rβ î β,τ − sβ (τ ) ,
η

sβ (τ )

τ = 1, . . . , k η , η ∈ {I, Q}.

(14)

Finally, Iˆβ is de-mapped to the IM bits according to the
Q
method described in Section III.A and (ŝβI , ŝβ ) are demodulated to obtain the ordinary modulation bits. From above, it is
clear that the computational complexity of the LLR detector
is only of order O(2M) per subcarrier.
2) Low-Complexity ML Detector: The idea of the
low-complexity ML detector is to decouple the detection of the
in-phase and quadrature components from (9). It is comprised
of four steps. The first step is to search for the most likely
modulated symbols carried on all subcarriers within a group
assuming they are all active:

2
η
η
(15)
s̃β (α) = arg min rβ (α) − s , η ∈ {I, Q}
s∈Z

where β = 1, . . . , g and α = 1, . . . , n. Due to IM,
η
the desired outputs are not all but k η elements of s̃β =
η
η
[s̃β (1) , . . . , s̃β (n)]T , whose locations are to be determined.
The second step is to calculate the so-called ML decision
metrics associated with 2n I- and Q- components for per group
via



2  η
η
η
η
Mβ (α) = h β (α) s̃β (α) s̃β (α) − 2rβ (α) , η ∈ {I, Q}
(16)
where β = 1, . . . , g and α = 1, . . . , n. The third step is to first
η
η
sort [Mβ (1), . . . , Mβ (n)]T in ascending order and pick out
η
the first k ones, whose corresponding subcarriers of indices
η
η
η
Iˆβ = {î β,1, . . . , î β,k η } are regarded to be active, and then obtain
the desired modulated symbols from


 
Q
Q
Q
I
, ŝβ (ν) = s̃β i β,ν ,
ŝβI (κ) = s̃βI i β,κ
κ = 1, . . . , k I , ν = 1, . . . , k Q

(17)

where η ∈ {I, Q}. The final step is to recover the information
bits from ( Iˆβ , ŝβI , ŝβQ ), which is the same as that of the LLR
detector. Compared to the LLR detector, one can see that the
low-complexity ML detector has nearly the same computational complexity, namely of order O(2M) per subcarrier. This
can be understood since both detectors resort to decoupled
detection and calculate the LLR/ML decision metrics for all
subcarriers.

3) Complexity Comparison: To compare the computational
complexity of the two proposed sub-optimal detectors, namely
the LLR and low-complexity ML detectors, with that of
the ML detector, we consider the average number of metric
calculations per subcarrier as a performance metric, whose
values associated with the above three detectors, as discussed
earlier, can be calculated by 2M, 2M, and 2 p1 M(k I + k Q )/n,
respectively. Table II presents the comparison results for
some given system parameters. As seen from Table II, while
the computational complexity of the ML detector is highly
susceptible to parameters n, k I , k Q , and M, that of the two
proposed detectors is only determined by M and, apparently,
much lower than the former.
D. Performance Analysis
In this subsection, we derive an asymptotically tight upper
bound on the BER of the OFDM-HIQ-IM system using ML
detection and analyze its achievable rate. Since the encoding
and decoding processes for each group are the same and
independent, without loss of generality we only focus on the
β-th group.
1) BER Upper Bound: For ease of analysis, we assume the
independence between the I- and Q- branches such that the
errors on both branches can be analyzed separately. Note that
this assumption becomes true when C(n, k I )C(n, k Q ) is an
integer power of two.2 For brevity, we only derive the error
on the in-phase branch. The probability of the event that XβI
is transmitted but erroneously detected as X̂βI conditioned on
hβ can be expressed from (9) as


 
 2


1 
 I I

I
I
Pr Xβ → X̂β  hβ = Q
 Xβ − Xβ hβ  . (18)
2N0
1 −x /2
e
+ 14 e−2x /3 ,
Then, according to the identity Q (x) ≈ 12
the unconditioned PEP can be readily derived from (18) as [24]


Pr XβI → X̂βI
 
 
1/12



= E hβ Pr XβI → X̂βI  hβ =
det In + q1 KAβI
2

+

1/4


det In + q2 KAβI

2

(19)

2 Of course, we can incorporate the dependence between the I- and
Q- branches, which is true for OFDM-HIQ-IM, into the analysis. In this case,
we have to average Pr(Xβ → X̂β ) over all possible Xβ and X̂β . However,
the decision zones overlap much more than those by averaging Pr(XβI → X̂βI )

over all possible XβI and X̂βI , leading to a looser upper bound. The tightness
of the proposed upper bound under the independence assumption will be
validated in Section V.
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where AβI = (XβI − X̂βI ) H (XβI − X̂βI ), q1 = 1/(2N0 ), and
q2 = 2/(3N0 ). In the same manner, the probability of the
Q
Q
event that Xβ is transmitted but erroneously detected as X̂β
is given by


1/12
1/4
Q
Q
+



Pr Xβ → X̂β =
Q
Q
det In + q1 KAβ
det In + q2 KAβ
(20)
AβQ

(XβQ

X̂βQ ) H (XβQ

where
=
−
−
Finally, the BER of
OFDM-HIQ-IM can be upper bounded according to the union
bounding technique by

1   I
I
Pr
X
→
X̂
Pe ≤
β
β
p2 p
Xβ X̂β

 

× Pr XβQ → X̂βQ e Xβ , X̂β
(21)
where e(Xβ , X̂β ) represents the number of bits in difference
between Xβ and X̂β . From (20), it is easy to verify that the
diversity order achieved by the OFDM-HIQ-IM system is also
given by (7), which turns out to be unity.
2) Achievable Rate:
Conditioned on the channel, the chan
T
nel output yβ = yβ (1) , . . . , yβ (n) has the multivariate
PDFs of
2

1
− N1 yβ −Xβ hβ 
0
(22)
f yβ |Xβ , hβ =
ne
(π N0 )


f yβ |hβ = E Xβ f yβ |Xβ , hβ
2p

1  
(ϑ)
= p
f yβ |Xβ , hβ
2

(23)

ϑ=1

(ϑ)

where Xβ is the ϑ-th realization of Xβ , ϑ = 1, . . . , 2 p .
The achievable rate of OFDM-HIQ-IM systems is defined as
the mutual information between the channel input Xβ and
the channel output yβ averaged over the subcarriers [26],
which can be calculated from (22) and (23) by (24) (bps/Hz),
shown at the top of the next page, where F H I Q is given
by (12) and wβ = [w (β) , . . . , w (β + (n − 1) g)]T . To our
best knowledge, no closed form solution is available for (24).
However, in analogy with [26], (24) can be approximated in
a simple form by

 p
2
2p

1 
1
(25)
log2
RH I Q ≈ FH I Q − 2 pn
det(In +KU,ϑ )
 =1
ϑ=1
( )

Fig. 3.

The main operation of the LP-OFDM-IQ-IM transmitter.

X̂βQ ).

(ϑ)

( )

(ϑ)

where U,ϑ = 2N1 0 (Xβ − Xβ ) H (Xβ − Xβ ). This
approximation is derived by applying Jensen’s inequality and
adding 1/ ln(2) − 1, which is accurate in both low and high
SNR regions.

Recalling that Aβ = (Xβ − X̂β ) H (Xβ − X̂β ), it can be found
that if the IM bits associated with Xβ and X̂β are different,
namely Xβ and X̂β have different SAPs, we always have
rank{Aβ } ≥ 2; otherwise, it follows that rank{Aβ } ≥ 1, where
the equality holds when Xβ and X̂β have only one different
diagonal element, namely the error only occurs on the
modulated symbol carried on a subcarrier. In a nutshell, the
IM bits have two-diversity-order protection while the ordinary
modulation bits have only one-diversity-order protection
(see Remarks 1 and 3 of [24]). Please note that this property
in not valid for plain SM-based systems since they employ
only transmit antenna indices of a MIMO system for IM
purposes. On the other hand, this property in fact applies
to many other index modulated OFDM systems besides
OFDM-IM, such as OFDM-IQ-IM and OFDM-HIQ-IM.
Motivated by the above finding, we aim at improving the
diversity order achieved by the ordinary modulation bits from
unity to two while maximizing the overall coding gain. To this
end, we resort to the idea of the well-known LCP technique.
To obtain a larger SE, we assume that the IM operates on
both I- and Q- branches, thus applying to the OFDM-IQ-IM
and OFDM-HIQ-IM systems. Due to its nature, the proposed
scheme can be called as LP-OFDM-IQ-IM. In this section,
we first introduce the principle of LP-OFDM-IQ-IM and then
derive the optimal precoding matrices.

A. Principle of LP-OFDM-IQ-IM
The transmitter structure of LP-OFDM-IQ-IM is the same
as that of OFDM-HIQ-IM in Fig. 2 (or OFDM-IQ-IM) except
that an additional linear precoder is employed following the
M-PAM modulator. For comparison convenience, we highlight
the differences in Fig. 3. Since the encoding and decoding
processes of the I- and Q- branches are similar, we only
focus on the in-phase branch in the following for brevity.
Considering the β-th group, the p2I bits pass through the

 T
M-ary modulator, generating sβI = sβI (1) , . . . , sβI k I
.
Then, sβI is divided into k I /2 pairs, each precoded by

IV. T HE LP-OFDM-IQ-IM S CHEME
As indicated in Section III, the diversity order of
OFDM-IM systems depends on the minimum of
(rank{K}, rank{Aβ }), where K and Aβ are defined in (7).
With interleaved grouping, all subcarriers within a group
probably experience independent fading; therefore, K has full
rank and the diversity order is only determined by rank{Aβ }.



b
B = 11
b21

b12
b22


(26)

where the elements are drawn from R and the constraint,
2 + b 2 = 1, i = 1, 2, is imposed to guarantee the same
bi1
i2
power as the input. Therefore, the output of the linear precoder
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I Xβ , y β
H Xβ
H Xβ |yβ
=
=
+
n
n
n
⎞
⎧
⎫
⎛  ( )
p
!
2
⎨
⎬


f
X
,
y
|,
h

β
β
β
1
( )
⎠ dyβ

= FH I Q − p
E hβ
f yβ |Xβ , hβ log2 ⎝
⎩
⎭
n2
f yβ |hβ
 =1
⎫
⎧



 2 ⎬
*
)
2p
2p
⎨


( )
(ϑ)


1
1
1
− w + Xβ −Xβ hβ 
−1 − p
E hβ ,wβ
log2 2n e N0 β
= FH I Q −
⎭
⎩
ln 2
n2
 =1

is given by
⎡

⎤

1

⎡

2

⎥ ⎢
⎥ ⎢
⎥ ⎢
⎥=⎢
⎥ ⎢
⎥ ⎢
⎦ ⎢
⎣

B

B. Optimal Design

(27)

Finally, cβI is transmitted over the k I active subcarriers of
indices IβI , which are determined by the IM bits, such that


I
, κ = 1, . . . , k I .
cβI (κ) = x I i β,κ
The received signal in the frequency domain can be
expressed in the same form as (4), for which the optimal ML
detection for the in-phase branch can be formulated as (28),
shown at the top of the next page, where cβI (2ξ − 1) =
b11 sβI (2ξ − 1) + b12 sβI (2ξ ) and cβI (2ξ ) = b21 sβI (2ξ − 1) +
b22 sβI (2ξ ). Since the elements of sβI are independent of each
other, for a given IβI , we can search for them pair by pair
from (28). Consequently,
  the computational complexity of (28)
is on the order of O C n, k I M 2 k I /2n per subcarrier, which
can be prohibitive for large n and k I .
Similar to the case of OFDM-HIQ-IM, the computational
complexity can be significantly reduced by employing the
LLR detector that has near-ML performance. To show this,
let U1 = {b11s1 + b12 s2 , ∀s1 , s2 ∈ Z} and U2 = {b21 s1 +
b22 s2 , ∀s1 , s2 ∈ Z}. First, the LLR detector calculates the LLR
values associated with all subcarriers within a group by
⎞
⎛
|h β (λ)|2 r I (λ)−u 2

−
β
N0
⎠
e
L βI (λ) ∝ ln ⎝
u∈U1 ∪U2

2



h β (λ) rβI (λ)
N0

(24)

ϑ=1

computational complexity of the LLR detector is on the order
of O(M 2 (2 + k I /2n)) per subcarrier.

⎤

sβI (1)
⎥
⎢
sβI (2)
⎥
⎢
⎥
⎢
⎥
.
.
cβI = ⎢
⎥
.
⎢
⎥
1
2
 I
⎢
⎥
I
⎣
sβ k − 1
⎦
 I
B
I
sβ k
⎡
⎤
b11 sβI (1) + b12 sβI (2)
⎢
⎥
b21 sβI (1) + b22 sβI (2)
⎢
⎥
⎢
⎥
..
⎥.
=⎢
.
⎢
 I
 I ⎥
⎢
⎥
I
I
⎣ b11 sβ k − 1 + b12 sβ k ⎦
 I
 I
I
I
b21 sβ k − 1 + b22 sβ k
cβI (1)
cβI (2)
..
 I.
I
cβ k − 1

cβI k I

+
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, λ = 1, . . . , n.

(29)

Then, it decides upon k I active indices out of them having the
maximum values. Once the active indices IˆβI are determined,
the modulated symbols are estimated pair by pair as (30),
shown at the top of the next page, where ξ = 1, . . . , k I /2.
Since (29) and (30) involve 2n M 2 and M 2 k I /2 searches, the

Following the methodology in Section III.D, the BER of LPOFDM-IQ-IM can be upper bounded in the same form as (21),
whose value highly depends on the choice of the precoding
matrix B. In this subsection, we focus on the design of B
aiming at optimizing the asymptotic BER performance. For
brevity, we only take the in-phase branch for demonstration.
At high SNR, the PEP approximates to [24]
 d


 −1

3 
I
I
I
δω KAβ
Pr Xβ → X̂β ≈
ω=1

* ) *d
3d
N0
4d
+
(31)
12
4
2




where d = rank KAβI and δω KAβI , ω = 1, . . . , d, are the
)

×

nonzero eigenvalues of KAβI . Assuming that the subcarriers
within a group are faded independently, which can be ensured
in practice by interleaved grouping [26], we obtain K = In .
Therefore, the optimization problem can be formulated by
maximizing the minimum coding gain distance (CGD) as3
5
4
   
I
I
Bopt = arg max min δ1 Aβ δ2 Aβ
B

XβI ,X̂βI

2
2
s.t. bi1
+ bi2
= 1, i = 1, 2.

(32)

AβI ,

Through carefully examining
we find that there are
only two different situations that satisfy rank{AβI } = 2.
The first situation is that XβI and X̂βI have the same SAP
and only a pair of modulated symbols associated with them
for precoding, denoted by (s1 , s2 ) and (ŝ1 , ŝ2 ), are different,
where si , ŝi ∈ Z, i = 1, 2, and (s1 , s2 ) = (ŝ1 , ŝ2 ). In this
situation, it can be readily figured out (33), shown at the top
of the next page, where si = si − ŝi , i = 1, 2. The other
situation is that there are no erroneous modulated symbols,
3 It should be noted that with the goal of maximizing the overall coding gain, the
optimization
 
   problem
 should be formulated as

arg max X I ,X̂ I δ1 AβI δ2 AβI e XβI , X̂βI , s.t. d = 2 rather than (32).
β

β

However, this invokes the joint design of the bit encoding scheme and the
precoding matrix, which is quite complicated. To circumvent this problem, we
resort to the well-known max-min method in (32), which only considers the
effect of PEP regardless of the number of bits in error due to its dominance.
It will be shown that the max-min method significantly simplifies the analysis
and more importantly enables closed-form solutions.
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IˆβI , ŝβI



n
kI  
2

2





2  I
 I

I
I
I


h β (λ) rβ (λ) − x β (λ) = arg min
= arg min
 cβ (κ) cβI (κ) − 2r I i β,κ
h i β,κ
IβI ,sβI

IβI ,sβI

λ=1

κ=1

⎧ 

2

 ⎫
I /2 ⎪ 
 I
⎪
k
I
I
I
⎨ h i I
i β,2ξ −1 ⎬
β,2ξ −1  cβ (2ξ − 1) cβ (2ξ − 1) − 2r
 
= arg min

2


 I
⎪ 
⎪
I
I
⎭
IβI ,sβI ξ =1 ⎩ +h i β,2ξ
 cβ (2ξ ) cβI (2ξ ) − 2r I i β,2ξ



ŝβI (2ξ − 1) , ŝβI (2ξ ) =

⎧ 
2  

2 ⎫
 I I
⎪
⎪
I
⎨ h î I
î β,2ξ −1 − cβ (2ξ − 1) ⎬
β,2ξ −1  r
 
arg min
2
2  

 I I
⎪ 
⎪
I
⎭
sβI (2ξ −1),sβI (2ξ) ⎩ +h î β,2ξ
 r î β,2ξ − cβI (2ξ )

(28)

(30)

⎧
2
2


for s1 = 0, s2 = 0
⎨(s1 ) b11 b21  ,
    ⎪
I
I
δ1 Aβ δ2 Aβ = (s2 )2 b12 b22 2 ,
(33)
for s1 = 0, s2 = 0
⎪
⎩
2
|(s1 b11 + s2 b12 ) (s1 b21 + s2 b22 )| , for s1 = 0, s2 = 0
 

⎧
⎫⎫
⎧
⎨
⎬⎬
⎨ (s1 )2 b11 b21 , (s2 )2 b12 b22  ,
2
2
Bopt = arg max min |(s1 b11 + s2 b12 ) (s1 b21 + s2 b22 )| ,
+ bi2
= 1, i = 1, 2. (34)
s.t. bi1
⎩
⎭
⎭
⎩
2
2
B
(s1 b11 + s2 b12 ) , (s1 b21 + s2 b22 )


(35)
g22 (t2 , t1 ) − g12 (t1 , t2 ) = (t1 sin θ + t2 cos θ )2 (t1 sin θ + t2 cos θ )2 − (t1 cos θ + t2 sin θ )2 ≤ 0.
i.e., (s1 , s2 ) = (ŝ1 , ŝ2 ), and there is only one different active
index between XβI and X̂βI . In this situation, corresponding
to the difference lying at the first or second active index,
respectively, it can be readily figured out that δ1 (AβI )δ2 (AβI ) =
(s1 b11 + s2 b21)4 or δ1 (AβI )δ2 (AβI ) = (s1 b21 + s2 b22 )4 . Therefore, (32) can be further simplified as (34), shown at the top
of this page.
 ∗ ∗ ∗ ∗
 ∗  1:
 ∗If b11
 ,∗b12
 ; b21
 , b22 is a solution to (34),
 Lemma
 , ± b ∗  is also a solution.
± b11  , ± b12  ; ± b21
22

 ∗
∗ ; −b ∗ , b ∗
, −b12
Proof: We will only prove that b11
21 22 is
also a solution to (34) since the proof for the other forms can
be performed in a similar manner.
From (34), the CGD is calculated by considering five
cases.
 The  first and the second cases, namely
different
(s1 )2 b11b21  and (s2 )2 b12 b22 , have the same out ∗ ∗ ∗ ∗
put
b11 , b12 ; b21, b22 and B =
 ∗ for ∗ both∗ B ∗  =
b11, −b12 ; −b21, b22 , given the same pairs of modulated
symbols (s1 , s2 ) = (t1 , t2 ) and (ŝ1 , ŝ2 ) = (tˆ1 , tˆ2 ), where
t1 , t2 , tˆ1 , tˆ2 ∈ Z. Next, let us consider the third case, namely
|(s1 b11 + s2 b12 ) (s1 b21 + s
It can be found that
 2∗b22 )|.
∗ ; b∗ , b∗
the resulting CGD for B = b11
, b12
21 22 with any
pairs of modulated symbols (s1 , s2 ) = (t1 , t2 ) and (ŝ1 , ŝ2 ) =
∗ , −b ∗ ; −b ∗ , b ∗
(tˆ1 , tˆ2 ), is the same as that for B = b11
12
21 22
with pairs of modulated symbols (s1 , s2 ) = (t1 , −t2 ) and
(ŝ1 , ŝ2 ) = (tˆ1 , −tˆ2 ). Finally, for the fourth or the fifth case,
namely (s1 b11 + s2 b12 )2 or (s1 b21 + s2 b22 )2 , there always
exists a pair of modulated symbols (s1 , s2 ) = (t1 , −t2 ) for
∗ , −b ∗ ; −b ∗ , b ∗
B = b11
12
22 that
 ∗ 21
 lead to the same CGD as
∗ ; b∗ , b∗
, b12
that for B = b11
21 22 given a pair of modulated
symbols (s1 , s2 ) = (t1 , t2 ). To sum up, the resulting maximum
∗ , b∗ ; b∗ , b∗
CGD by B = b11
12  21 22 can be also achieved by
∗
∗
∗ , b ∗ , completing the proof.
B = b11 , −b12 ; −b21

22

Lemma 2: Let us define g1 (t1, t2 ) = |(t
 1 cos θ +
t2 sin θ ) (t1 sin θ + t2 cos θ )| and g2 tˆ1 , tˆ2 = tˆ1 cos θ +
2
tˆ2 sin θ , where t1 , t2 , tˆ1 , tˆ2 ∈ Z, θ ∈ (0, π/4). For any
given parameters
 (t1 , t2 ), there always exist parameters (tˆ1 , tˆ2 ),
satisfying g2 tˆ1 , tˆ2 ≤ g1 (t1 , t2 ).
Proof: Since g1 (t1 , t2 ) = g1 (t2 , t1 ), it is sufficient to
consider the case of |t1 | ≥ |t2 |. We now prove that when
(tˆ1 , tˆ2 ) = (t2 , t1 ), it yields g2 (t2 , t1 ) ≤ g1 (t1 , t2 ). Since
g1 (t1 , t2 ) , g2 (t2 , t1 ) > 0, it is equivalent to prove (35), shown
at the top of this page.
=
[cos θ, sin θ ], and
Define t
=
[t1 , t2 ], e1
e2 = [sin θ, cos θ ]. Since θ ∈ (0, π/4), it follows that cos θ >
sin θ > 0, and for |t1 | ≥ |t2 |, |cost, e1 | ≥ |cost, e2 |.
Therefore, (t1 sin θ + t2 cos θ)2 − (t1 cos θ + t2 sin θ )2 =
|t · e2 |2 − |t · e1 |2 ≤ 0, completing the proof

Proposition: Two different types of linear precoders, Type I
and Type II, lead to the maximum CGD, whose outputs
are a point of a rotated M 2 -QAM constellation for Type
I and a point of a diamond-shaped M 2 -QAM constellation
for Type II, and the corresponding precoding coefficients are
given by
∗
∗
b11
= ± cos p (M) , b12
= ± sin p (M)
∗
∗
b21 = ± sin p (M) , b22 = ± cos p (M)

(36)

with (37), shown at the bottom of the next page, where
∗ b ∗ b ∗ b ∗ < 0 for Type I and b ∗ b ∗ b ∗ b ∗ > 0 for
b11
12 21 22
11 12 21 22
Type II.
Proof: Since the symbols s1 and s2 are drawn from the
regular M-PAM constellation, it can be inferred from (34) that
∗ | = |b ∗ | and |b ∗ | = |b ∗ | due to the symmetry. According
|b11
22
12
21
∗ , b ∗ , b ∗ , b ∗ > 0.
to Lemma 1, it is sufficient to consider b11
12 21 22
∗
∗
∗ and b ∗
Further, since swapping b11 and b12 as well as b21
22
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O PTIMAL P RECODING M ATRICES FOR M = 2, 4, AND 8

results in the same CGD, it is sufficient to consider the case
∗ > b∗ .
of b11
12
∗
∗
Let b11
= cos θopt , b12
= sin θopt , θopt ∈ (0, π/4).
Since s1 , s2 ∈ {±2, ±4. . . . , ±2(M − 1)}, the optimization
problem in (34) can be equivalently formulated as (38), shown
at the bottom of the next page.
According to Lemma 2, there always exist
pairs of modulated symbols (s1 , s2 ) and (ŝ1 , ŝ2 ),
satisfying |(s1 cos θ + s2 sin θ ) (s1 sin θ + s2 cos θ )| ≥
4(s1 cos θ + s2 sin θ)2 . Therefore, (38) can be further
simplified as



θopt = arg max min 4 cos θ sin θ, (s1 cos θ + s2 sin θ )2 ,
θ

s.t. θ ∈ (0, π/4).

(39)

Recall that s1 , s2 ∈ Z(= {±1, ±3, ±(M − 1)}) and θ ∈
(0, π/4). It can be readily figured out that the solution to (39)
satisfies

2
4 cos θopt sin θopt = cos θopt − (M − 1) sin θopt . (40)
Solving (40) yields sin2θopt = p(M), where p(M) is given
by (37).
As revealed in Lemma 1, the signs of the four precoding
coefficients can be arbitrary, and thus 16 precoders can be
obtained. However, it can be found that these 16 precoders
can be classified into two types corresponding to the value of
the product of the signs. Specifically, if the value is negative,
the output of the precoder belongs to a rotated M 2 -QAM
constellation; otherwise, it belongs to a point of a diamond
shaped M 2 -QAM constellation, completing the proof.
For convenience of practical implementation, we present the
exact values of the optimal precodering matrices for M = 2,
4, and 8 in Table III. To better understand how the two types
of the linear precoders perform, we take M = 2 and 4 as an
example and depict the resulting outputs in Figs. 4(a) and (b),
respectively. Fig. 4, which contains rotated and diamondshaped constellations, also verifies the Proposition.
The Proposition shows that to achieve a diversity order
of two, instead of transmitting an M-PAM symbol over the
I/Q- branch of a subcarrier, we can generate a pair of symbols
from a rotated or diamond-shaped M 2 -QAM constellation and

Fig. 4. The outputs of the optimal linear precoders for M = 2 and 4:
(a) Type I; (b) Type II.

transmit their real and imaginary parts over the I/Q- branch
of an active subcarrier pair. From this aspect, the Type I
precoding method is exactly the CIOD method applying to the
I/Q- branch. However, we note that different optimal rotation
angles are obtained when applying the CIOD method to
OFDM-IM and OFDM-HIQ-IM (or OFDM-IQ-IM) systems
due to different objective functions. For example, the optimal rotation angles for 4-, 16-, and 64−QAM constellations, respectively, in OFDM-IM systems are 15°, 8.5°, and
4.5° [39], while in OFDM-HIQ-IM/OFDM-IQ-IM systems,
are 9.7°, 6.3°, and 4°.

√

2 (M + 1) M 2 − 2M + 2 − 4 (M − 2) M 3
1
p (M) = arcsin
2
(M − 1)4 + 2(M − 1)2 + 16 (M − 1) + 17

(37)
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TABLE IV
R ECEIVER C OMPLEXITY C OMPARISON B ETWEEN LP-OFDM-IQ-IM,
OFDM-HIQ-IM, AND C LASSICAL OFDM-IM

C. Receiver Complexity and Performance Analysis
By focusing on the receiver end and considering both
optimal ML and LLR detection, we compare the computational complexity of LP-OFDM-IQ-IM with that of classical
OFDM-IM. The following four system setups are considered
for comparison:
- S1: (8, 2, 2), 4-PAM for proposed schemes, and (8, 3),
16-QAM for classical OFDM-IM;
- S2: (6, 4, 4), 2-PAM for proposed schemes, and (6, 4),
8-QAM for classical OFDM-IM;
- S3: (8, 4, 4), 4-PAM for proposed schemes, and (8, 6),
16-QAM for classical OFDM-IM;
- S4: (8, 6, 6), 8-PAM for proposed schemes, and (8, 6),
64-QAM for classical OFDM-IM.
For each system setup, the same SE is achieved, ensuring
a relatively fair comparison. Specifically, the corresponding
SE values for S1, S2, S3, and S4 setups are 2.125 bps/Hz,
2.5 bps/Hz, 3.5 bps/Hz, and 8.625 bps/Hz, respectively.
Considering the average number of metric calculations per
subcarrier as a performance metric, we summarize the comparison results in Table IV, where the complexity values
corresponding to LP-OFDM-IQ-IM and classical OFDM-IM
with the optimal ML detection are, respectively, calculated by
2 p1 M 2 (k I + k Q )/2n and 2 p1 k M/n, while those with the LLR
detection, are, respectively, calculated by M 2 [4+(k I +k Q )/2n]
and M. As a reference, the OFDM-HIQ-IM scheme is also
added in Table IV, whose computational complexity has
been analyzed in Section III.C. From Table IV, we observe
that the computational complexity of the LLR detection of
LP-OFDM-IQ-IM is significantly lower than that of the optimal ML detection, though it is still higher than that of the
other two schemes due to pair-by-pair searching. However,
we note that this price is worth considering its superior
performance, as will be verified in Section V. In addition,
it can be found from Table IV that for LLR detection,
OFDM-HIQ-IM even has a lower computational complexity
than classical OFDM-IM. This is understandable since with
the same subcarrier activation parameters, classical OFDM
conveys fewer IM bits than OFDM-HIQ-IM, and the resulting
SE loss has to be compensated by using a higher-order signal
constellation, which determines the computational complexity
of the LLR detector for both schemes.

Fig. 5. Performance comparison between LLR, low-complexity ML, and ML
detectors of OFDM-HIQ-IM, where the system parameters are (n, k I , k Q ) =
(4, 2, 2) and 2-PAM is used on both I- and Q- branches.

On the other hand, in analogy with the analytical methodology in Section III.D, we can easily derive an asymptotically
tight upper bound on the BER and the achievable rate of the
LP-OFDM-IQ-IM system, which can be shown to have the
same forms as (21) and (24), respectively. However, attention
must be paid to the realizations of Xβ for LP-OFDM-IQ-IM,
whose diagonal elements should be determined by the outputs
of the linear precoders on both I- and Q- branches as well as
the joint IQ index mapper.
V. S IMULATION R ESULTS AND C OMPARISONS
In this section, Monte Carlo simulations are conducted to examine the performances of OFDM-HIQ-IM and
LP-OFDM-IQ-IM. In the simulations, the number of total
OFDM subcarriers is N = 128 and the length of CP is
N/4 = 32. The wireless channel is modeled by an exponentially decaying power delay profile with 16 taps, where
each tap is generated according to Rayleigh distribution. The
uncoded BER and achievable rate are chosen as performance
metrics and evaluated versus the receive SNR per subcarrier.
A. Performance of OFDM-HIQ-IM
In this subsection, we evaluate the performance of
OFDM-HIQ-IM.
To see how the two proposed low-complexity detectors perform and to verify the tightness of the proposed
BER upper bound, we assume OFDM-HIQ-IM systems with
(n, k I , k Q ) = (4, 2, 2) and 2-PAM modulation on both
I- and Q- branches in Fig. 5. As seen from Fig. 5, the BER
performances of the LLR detector and the low-complexity
ML detector are negligibly worse than that of the optimal
ML detector in the low SNR region and all three detectors

88
7
7
4 cos θ sin θ, (s1 cos θ + s2 sin θ )2 ,
s.t. θ ∈ (0, π/4).
θopt = arg max min
|(s1 cos θ + s2 sin θ ) (s1 sin θ + s2 cos θ )|
θ

(38)
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Fig. 6.
BER performance comparison among classical OFDM,
OFDM-IM, DM-OFDM, OFDM-IQ-IM, and OFDM-HIQ-IM, where classical
OFDM employs 4-QAM, OFDM-IM with (n, k) = (4, 2) employs 4-QAM,
DM-OFDM with (n, k) = (4, 2) employs BPSK and π/2-rotated BPSK
for the primary and secondary constellations, respectively, OFDM-IQ-IM
with (n, k I , k Q ) = (4, 2, 3) employs 2-PAM on both I- and Q- branches,
and OFDM-HIQ-IM with (n, k I , k Q ) = (4, 2, 2) employs 2-PAM on both
branches.

Fig. 7.
BER performance comparison among classical OFDM,
OFDM-IM, DM-OFDM, OFDM-IQ-IM, and OFDM-HIQ-IM, where
classical OFDM employs 16-QAM, OFDM-IM with (n, k) = (8, 7) employs
16-QAM, DM-OFDM with (n, k) = (8, 6) employs 8-PSK and π/8-rotated
8-PSK for the primary and secondary constellations, respectively,
OFDM-IQ-IM with (n, k I , k Q ) = (8, 6, 6) employs 4-PAM on both
I- and Q- branches, and OFDM-HIQ-IM with (n, k I , k Q ) = (8, 5, 6)
employs 4-PAM on both branches.

perform the same in the medium-to-high SNR region. This
can be understood by the fact that at low SNR, both lowcomplexity detectors may decide on the illegitimate active
indices combinations with a very small probability (in this
system setup, the proportion of the illegitimate active indices
combinations is 4/36 = 11.1%) and at medium-to-high
SNR, the errors mainly stem from the ordinary modulation
bits, when there is no difference between three detectors.
Though it is not shown in this paper, we observe a similar
phenomenon for several different system setups. Therefore, the
two proposed low-complexity detectors are much preferred in
practical use for their near-ML performance and significantly
reduced computational complexity. On the other hand, we
observe that the proposed upper bound in (21) is considerably
tight in the high SNR region, which verifies the feasibility
of the independence assumption for the analysis of the upper
bound on the BER of OFDM-HIQ-IM systems.
In Figs. 6 and 7, we compare the BER performance
of OFDM-HIQ-IM with that of OFDM-IQ-IM [25], where
their SEs are equated to be 2.25 and 4 bps/Hz, respectively. Specifically, for 2.25 bps/Hz, both OFDM-IQ-IM and
OFDM-HIQ-IM employ 2-PAM on both I- and Q- branches
with the system setups chosen as (4, 2, 3) and (4, 2, 2),
respectively, while for 4 bps/Hz, they employ 4-PAM on
both branches with the system setups chosen as (8, 6, 6) and
(8, 5, 6), respectively. The classical OFDM, OFDM-IM [24],
and DM-OFDM [32] systems are also considered for comparison, where for the classical OFDM system we assume 4-QAM
and 16-QAM, for the OFDM-IM system we assume
(n, k) = (4, 3) with 4-QAM and (8, 7) with 16-QAM,
and for the DM-OFDM system we assume (n, k) = (4, 2)
with (BPSK, π/2-rotated BPSK) and (8, 6) with (8-PSK,
π/8-rotated 8-PSK) in Figs. 6 and 7, respectively. Note that
in Fig. 6, the classical OFDM and OFDM-IM systems attain

2 bps/Hz while the DM-OFDM system achieves 1.5 bps/Hz,
and in Fig. 7, the OFDM-IM and DM-OFDM systems achieve
3.875 and 3.5 bps/Hz, respectively. From Fig. 6, we observe
that at 2.25 bps/Hz, OFDM-HIQ-IM performs similarly to
OFDM-IQ-IM when the SNR is low whilst its superiority
becomes apparent as the SNR increases. For example, at
high SNRs, about 2dB SNR gain is observed. This gain can
be accounted for the one more IM bit due to joint I- and
Q- encoding and the improved minimum Euclidean distance
due to one less active quadrature component. Compared to
classical OFDM and OFDM-IM, OFDM-HIQ-IM achieves
about 6dB and 4dB SNR gains at medium-to-high SNR,
respectively, despite a higher SE. Due to the enhanced transmit
power per active I/Q component transferred from the inactive
ones, OFDM-HIQ-IM is superior to DM-OFDM despite they
employ the same modulation order for active subcarriers.
On the other hand, from Fig. 7, we observe that at 4 bps/Hz,
OFDM-HIQ-IM performs worse than OFDM-IQ-IM in the low
SNR region; however, it achieves approximately 1dB SNR
gain in the high SNR region. This is because the error of
IM bits dominates that of the ordinary modulation bits at low
SNR while it is the opposite at high SNR. The reason for
the smaller SNR gain is that as the SE becomes larger, the
proportion of the ordinary modulation bits becomes higher
and meanwhile, the power gain due to subcarrier inactivation
becomes smaller. Since the advantages of IM for much higher
SEs are limited [28], OFDM-HIQ-IM is favorable in this sense.
For the same reason described earlier, OFDM-HIQ-IM outperforms DM-OFDM in spite of a much larger SE. It is worth
noting that by leveraging the numbers of IM and ordinary
modulation bits, OFDM-HIQ-IM and DM-OFDM can have
comparable computational complexity, since the former has
more number of IM bits while the latter has more number of
ordinary modulation bits for the same system configuration.
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Fig. 8. Comparison of the achievable rates of classical OFDM, OFDM-IM,
DM-OFDM, OFDM-IQ-IM, OFDM-HIQ-IM, and LP-OFDM-IQ-IM, where
classical OFDM employs 4-QAM, OFDM-IM with (n, k) = (4, 2) employs
4-QAM, DM-OFDM with (n, k) = (4, 2) employs BPSK and π/2-rotated
BPSK for the primary and secondary constellations, respectively,
OFDM-IQ-IM with (n, k I , k Q ) = (4, 2, 3) employs 2-PAM on both
I- and Q- branches, OFDM-HIQ-IM with (n, k I , k Q ) = (4, 2, 2) employs
2-PAM on both branches, and LP-OFDM-IQ-IM adopts the Type I precoder
with the same system parameters as OFDM-HIQ-IM.

Fig. 10. Performance comparison between Type I and Type II precoders of
OFDM-IQ-IM, where the system parameters are (n, k I , k Q ) = (4, 2, 2) and
2-PAM is used on both I- and Q- branches.

alphabet and the resulting achievable rate is always smaller
than the channel capacity. On the other hand, in consistence
with the observation in Figs. 6 and 7, OFDM-HIQ-IM also
outperforms OFDM-IQ-IM in terms of the achievable rate.
Similarly, this can be accounted for the stronger protection
of the IM bits than the ordinary modulation bits. Therefore,
we are led to the conclusion that OFDM-HIQ-IM is more
favorable than OFDM-IQ-IM for both uncoded and coded
transmission. However, the price paid for this improvement
is a very little decoding delay, which can be ensured by the
two proposed low-complexity detectors in Section III.C.
B. Performance of LP-OFDM-IQ-IM

Fig. 9.
Achievable rate performance comparison between OFDM-IM,
DM-OFDM, OFDM-IQ-IM, OFDM-HIQ-IM, and LP-OFDM-IQ-IM, where
OFDM-IM with (n, k) = (8, 7) employs 16-QAM, DM-OFDM with
(n, k) = (8, 6) employs 8-PSK and π/8-rotated 8-PSK for the primary
and secondary constellations, respectively, OFDM-IQ-IM with (n, k I , k Q ) =
(8, 6, 6) employs 4-PAM on both I- and Q- branches, OFDM-HIQ-IM with
(n, k I , k Q ) = (8, 5, 6)/(8, 6, 6) employs 4-PAM on both branches, and
LP-OFDM-IQ-IM adopts the Type II precoder based on the OFDM-HIQ-IM
system with (n, k I , k Q ) = (8, 6, 6) and 4-PAM on both branches.

The achievable rates of OFDM-HIQ-IM schemes at SEs of
2.25 and 4 bps/Hz are evaluated in Figs. 8 and 9, respectively,
where their system parameters and competitors are chosen
to be the same as those in Figs. 6 and 7. For clarity, the
curve of classical OFDM is removed in Fig. 9. As seen from
Figs. 8 and 9, the achievable rates of all systems saturate
at their corresponding uncoded transmitted information rates,
namely SEs, at very high SNR. This is reasonable since in
both cases, the input of the channel is subject to a finite

In this subsection, we evaluate the performance of
LP-OFDM-IQ-IM.
In Fig. 10, the OFDM-IQ-IM system with (4, 2, 2) and
2-PAM modulation on both I- and Q- branches is considered for BER performance comparison between the Type I
and Type II precoders, denoted by LP-OFDM-IQ-IM-I and
LP-OFDM-IQ-IM-II, respectively, where the rotation angle for
LP-OFDM-IQ-IM-I is chosen as the optimal one, i.e., 9.7°
for this system setup, and the BER upper bounds calculated
from (21) are also depicted for reference. It can be observed
from Fig. 10 that LP-OFDM-IQ-IM-I exhibits negligible superiority over LP-OFDM-IQ-IM-II in the entire SNR region.
This small difference is due to the max-min criterion we follow
in (32), which does not take into account all PEPs that decrease
with the square of SNR. Due to their similar performance,
in the sequel, we take either the Type I or Type II precoder
as a representative for performance comparison with other
schemes.
Fig. 11 compares the BER performances of OFDM-HIQ-IM
systems with and without LCP at 2.25 bps/Hz, where the
Type I precoder with a rotation angle of 9.7° is assumed,
the system parameters are chosen as (4, 2, 2), and 2-PAM
is used on both I- and Q- branches. The BER curves of
the classical OFDM system with 4-QAM, the LCP aided
OFDM-IM (LP-OFDM-IM) system with (n, k) = (4, 3) and
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Fig. 11.
BER performance comparison among classical OFDM,
CI-OFDM-IM, OFDM-HIQ-IM, LP-OFDM-IM, and LP-OFDM-IQ-IM,
where classical OFDM employs 4-QAM, CI-OFDM-IM with (n, k) = (4, 2)
employs 4-QAM with 15° rotation, OFDM-HIQ-IM with (n, k I , k Q ) =
(4, 2, 2) employs 2-PAM on both I- and Q- branches, LP-OFDM-IM with
(n, k) = (4, 3) employs 4-QAM, and LP-OFDM-IQ-IM adopts the Type I
precoder based on the OFDM-HIQ-IM system with (n, k I , k Q ) = (4, 2, 2),
2-PAM on both branches, and a rotation angle of 9.7°/20°.

4-QAM, in which the LCP method for OFDM systems [41]
is directly applied to the OFDM-IM framework, and the
coordinate interleaved OFDM-IM (CI-OFDM-IM) [39] system
with (n, k) = (4, 2) and 4-QAM are also added for BER
comparison, where the first two systems achieve 2 bps/Hz
while the last system 1.5 bps/Hz. The rotation angle for the
CI-OFDM-IM system is 15° [39]. To examine the sensitivity of LP-OFDM-IQ-IM-I to the rotation angle, we further
consider LP-OFDM-IQ-IM-I with a random rotation angle
of 20° in Fig. 11. From Fig. 11, we notice that as similar
to the aforementioned cases, all index modulated systems
perform worse than the classical OFDM system at low SNR
due to the dominant errors caused by the SAP mismatch,
while they become overwhelming for a higher SNR due to
a stronger protection of the IM bits. However, among them,
the CI-OFDM-IM, LP-OFDM-IM, and LP-OFDM-IQ-IM-I
systems exhibit a faster BER decline as the protection of
the ordinary modulation bits is further strengthened. Moreover, it is observed that LP-OFDM-IQ-IM-I exhibits approximately 2.5dB and 1dB SNR gains over CI-OFDM-IM and
LP-OFDM-IM at high SNR, respectively, despite a larger SE,
which can be explained by the improved minimum Euclidean
distance from the I/Q IM. On the other hand, we find that
a noticeable BER performance loss would be incurred when
LP-OFDM-IQ-IM-I adopts a random rotation angle different
from the optimal one. For example, as shown in Fig. 11, a
rotation angle of 20° leads to a loss of approximately 2dB
SNR compared with the optimal rotation angle of 9.7°.
BER performance comparison between OFDM-HIQ-IM
systems with and without LCP at 4.125 bps/Hz is performed
in Fig. 12, where the Type II precoder is assumed, the system
parameters are chosen as (8, 6, 6), and 4-PAM is used on
both I- and Q- branches. For classical OFDM, 16-QAM
is employed, and for CI-OFDM-IM, the system parameters
are chosen as (8, 6) and 16-QAM with a rotation angle of
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Fig. 12.
BER performance comparison among classical OFDM,
CI-OFDM-IM, OFDM-HIQ-IM, and LP-OFDM-IQ-IM, where classical
OFDM employs 16-QAM, CI-OFDM-IM with (n, k) = (8, 6) employs
16-QAM with 8.5° rotation, OFDM-HIQ-IM with (n, k I , k Q ) = (8, 6, 6)
employs 4-PAM on both I- and Q- branches, and LP-OFDM-IQ-IM adopts
the Type II precoder based on the OFDM-HIQ-IM system with (n, k I , k Q ) =
(8, 6, 6) and 4-PAM on both branches.

8.5° [39]. Note that in such system setup, CI-OFDM-IM
systems have an SE of 3.5 bps/Hz. As can be observed
from Fig. 12, LP-OFDM-IQ-IM-II performs best in the high
SNR region and advances the intersection point with classical
OFDM by about 4dB compared with OFDM-HIQ-IM. On
the other hand, we observe similarly that LP-OFDM-IQ-IM-II
still outperforms CI-OFDM-IM even though it has a much
higher SE.
VI. C ONCLUSION
In this paper, we have proposed OFDM-HIQ-IM and
LP-OFDM-IQ-IM to improve the SE and the asymptotic BER
performance of OFDM-IM systems, respectively. The two
proposed schemes can be further combined to harvest both of
their advantages. OFDM-HIQ-IM explores the I- and Q- active
components jointly for IM, doubling the IM bits of OFDM-IM
and transmitting one more IM bit than OFDM-IQ-IM in
most cases. An asymptotically tight upper bound has been
derived and two low-complexity near-optimal detectors have
been designed for OFDM-HIQ-IM. LP-OFDM-IQ-IM combines a pair of I/Q- symbols linearly, achieving an additional diversity gain over OFDM-IM, OFDM-IQ-IM, and
OFDM-HIQ-IM. Two different optimal linear combination
methods in the sense of maximizing the minimum CGD have
been found, which result in the rotation and compression
of the M 2 -QAM constellation, respectively. The precoding
coefficients for both methods have been derived analytically
and the low-complexity LLR detector has been designed
for LP-OFDM-IQ-IM. Monte Carlo simulations have been
conducted and results have verified the analysis and the
advantages of OFDM-HIQ-IM and LP-OFDM-IQ-IM over
classical OFDM as well as existing OFDM-IM schemes.
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