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Abstract— As an emerging multi-carrier transmission scheme,
multiple-mode orthogonal frequency division multiplexing with
index modulation (MM-OFDM-IM) conveys information through
multiple distinguishable constellations (or modes, alternatively)
and their full permutations, increasing the spectral efficiency of
OFDM-IM and classical OFDM. However, both MM-OFDM-IM
and its extension, that is, MM-OFDM with in-phase/quadrature
index modulation (MM-OFDM-IM-IQ), cannot provide any
transmit diversity gain, which may be critical for ultra-reliable
communications. In this paper, aiming at enhancing the diversity
gain of MM-OFDM-IM(-IQ) schemes, coordinate interleaved
(CI-)MM-OFDM-IM and linear constellation precoded (LCP-)
MM-OFDM-IM-IQ are proposed, both of which achieve a diversity order of two without loss of spectral efficiency. The optimal
rotation angle for CI-MM-OFDM-IM and the optimal precoding
matrix for LCP-MM-OFDM-IM-IQ, in the sense of maximizing
their coding gains, are derived in closed form. Computer simulations corroborate the advantages of the proposed schemes in
terms of diversity and bit error rate performance toward nextgeneration wireless networks.
Index Terms— OFDM, index modulation, in-phase/quadrature,
transmit diversity, the optimal design.

I. I NTRODUCTION

I

NDEX modulation (IM) is a kind of digital modulation
technique that utilizes the index(es) of the available transmission entities to convey additional information bits [1], [2].
So far, it has been applied to various systems, including
multiple-input multiple-output (MIMO), spread spectrum, and
orthogonal frequency division multiplexing (OFDM) systems.
Inspired by the early exploration for the frequency-domain
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IM [3]–[5], Basar et al. [6] have proposed an efficient
IM-based OFDM scheme, termed OFDM-IM, which activates
only a subset of all available subcarriers to carry M -ary data
symbols and uses the subcarrier activation patterns (SAPs)
as information-bearing units. Besides the optimal maximumlikelihood (ML) detector, the log-likelihood ratio detector that
attains near-ML error performance with much lower computational complexity has been designed for OFDM-IM in [6].
Another low-complexity OFDM-IM detector, called greedy
detector, has been proposed in [7], which first determines
the indices of active subcarriers through measuring subcarrier
power and then performs symbol demodulation on those
estimated active subcarriers. The error performance of ML and
greedy detectors in the presence of channel estimation errors
has been studied and compared in [8] and [9], which indicate
that in the presence of channel estimation errors, the greedy
detector even can offer better error performance than the
ML one. Further, various aspects of the achievable performance of OFDM-IM have been studied. For example, with
finite constellation input, the achievable rate of OFDM-IM
outperforms that of classical OFDM [10]. OFDM-IM also
achieves a larger minimum Euclidean distance, which results
in better bit error rate (BER) performance at high signal-tonoise ratio (SNR) [11]. Inspired by the superiority of OFDMIM over classical OFDM, plenty of researchers have launched
comprehensive studies on OFDM-IM.
For high data rate and ultra-reliable communications,
improving the spectral efficiency (SE) and spatial/frequency
diversity of OFDM-IM are two main directions. On the issue
of SE, in [12], IM is performed on both the in-phase (I-)
and quadrature (Q-) dimensions independently to form
OFDM-IM-IQ, while a joint IQ IM scheme is given in [13]
and [14] to enhance the SE further. The index domain is
expanded to a high-dimensional virtual vector in [15], thus
increasing the number of SAPs. MIMO-OFDM-IM combines
the MIMO technique and OFDM-IM directly [16], [17].
In [18], a more generic IM scheme is proposed for MIMOOFDM, where IM is performed not only in the frequency
domain but also in the spatial domain. In dual-mode IM-aided
OFDM [19], the idle subcarriers of OFDM-IM is also activated
and modulated using another constellation. In a more general
manner, multiple-mode (MM-)OFDM-IM and MM-OFDMIM-IQ [20] employ the full permutations of multiple distinguishable constellations within each subblock of subcarriers to
carry index bits, increasing both the numbers of symbol and
index bits. More recently, an information guided precoding
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scheme has been proposed for OFDM using multiple constellations in [21].
On the other hand, since OFDM-IM loses the multipath diversity as classical OFDM, designing spatial/frequency
diversity enhancing schemes for OFDM-IM and related
systems is very demanding. This paper focuses on this
critical topic. Similar to spatial diversity enhancing OFDM
schemes [22]–[24], an intuitive way is to deploy multiple
receive antennas and adopt diversity reception for OFDM-IM,
as suggested in [25]. In [26], an interleaved subcarrier grouping is provided for OFDM-IM to replace the localized subcarrier grouping in order to harvest frequency diversity. In [27],
the index bits are transmitted repeatedly through several subblocks with the same SAP, thus achieving a diversity gain for
index detection at the cost of SE. A similar idea, in which
all active subcarriers are modulated by the identical M -ary
data symbols, are investigated in [28] to obtain the frequency
diversity for ordinary symbol demodulation. In the scheme of
index modulated OFDM spread spectrum [29], a data symbol
is spread across several subcarriers by the spreading code
that is selected from a predefined set according to the index
bits, achieving the diversity order that grows linearly with the
subblock size. In [30], the “inactive” subcarriers are reactivated to transmit the same information carried on the active
subcarriers by using a different constellation. Space-frequency
coded IM for MIMO-OFDM based on the Alamouti codeword
is proposed in [31]. In coordinate interleaved OFDM-IM
(CI-OFDM-IM) [32], the real and imaginary parts of two
complex symbols are interleaved, which ensures that the
I- and Q- components of each complex symbol fade separately.
The optimal rotation angle for every constellation in [32]
is derived through extensive computer search. Inspired by
[33] and [34], Wen et al. [13] applied the linear constellation precoding (LCP) technique to OFDM-IM-IQ, forming
LCP-OFDM-IM-IQ in which the optimal precoding matrix is
found by maximizing the coding gain terms contributing to a
diversity order of two.
To the best of our knowledge, however, designs of diversity schemes for MM-OFDM-IM(-IQ) [20], which may have
potential for ultra-reliable and high-rate communications,
have not been investigated. To fill this gap, motivated by
CI-OFDM-IM [32] and LCP-OFDM-IM-IQ [13], we design
two frequency diversity enhancing schemes in this paper,
termed CI-MM-OFDM-IM and LCP-MM-OFDM-IM-IQ,
to enhance the asymptotical BER performance of MM-OFDMIM(-IQ). Both proposed schemes increase the diversity order
from unity to two without loss of SE. The main contributions
of this paper are summarized as follows:
• An improved closed-form upper bound on the BER of
MM-OFDM-IM(-IQ) is derived assuming the ML detection. From the upper bound, we obtain more insights
into the diversity achieved by MM-OFDM-IM(-IQ), and
explore a method to enhance its diversity gain.
• The technique of CI orthogonal design is first applied
to MM-OFDM-IM to form CI-MM-OFDM-IM, in which
the I- and Q- components of complex symbols drawn
from different constellations are interleaved before each
transmission. Hence, each complex symbol is transmitted

over two subchannels equivalently. Note that different
from [32], the optimal rotation angle for CI-MM-OFDMIM is analytically derived in closed form and the effects
of multiple modes are suitably considered.
• We apply the LCP technique to MM-OFDM-IM-IQ such
that within each subset of two subcarriers on each dimension, the symbols are precoded by a precoding matrix
after IM. Under the diversity order constraint, the closedform optimal precoding matrix for LCP-MM-OFDMIM-IQ in the sense of maximizing their coding gains are
obtained. The resulting optimal precoding matrix depends
solely on the size of a subblock, which differs from the
case in LCP-OFDM-IM-IQ.
• The optimal designs are validated by computer simulations. BER performance of CI-MM-OFDM-IM and
LCP-MM-OFDM-IM-IQ is further compared with that
of MM-OFDM-IM and MM-OFDM-IM-IQ, where
improved diversity gains as well as better BER performance are observed. The schemes of CI-MM-OFDM-IM
and LCP-MM-OFDM-IM-IQ are shown to be suitable for
systems operating at low and high SEs, respectively.
The rest of this paper is organized as follows. Section II
reviews the system model of MM-OFDM-IM(-IQ). Two novel
transmit diversity schemes as well as their detection complexity analyses are presented in Section III. Section IV gives the
optimal design for the proposed schemes. Section V presents
computer simulation results, followed by the conclusion in
Section VI.
Notation: Column vectors and matrices are in the form of
lowercase and capital bold letters, respectively. Superscripts T
and H stand for transpose and Hermitian transpose, respectively. {·} and {·} return the real and√ imaginary parts
of a complex number, respectively. j = −1 denotes the
imaginary unit. We use ({x}, {x}) to denote a complex
variable x. det(·) and rank(·) return the determinant and rank
of a matrix, respectively. diag(·) transforms a vector into a
diagonal matrix. CN (0, σ 2 ) represents the complex Gaussian
distribution with zero mean and variance σ 2 . The probability
of an event and n × n identity matrix are denoted by Pr(·)
and In , respectively. [a11 , a12 ; a21 , a22 ] represents a 2 × 2
matrix, whose (ι, κ)-th element is aι,κ for ι, κ ∈ {1, 2}.  · 
denotes the Frobenius norm. sgn(·) and · represent the sign
and floor functions, respectively.
II. MM-OFDM-IM AND MM-OFDM-IM-IQ R EVISITED
Based on the framework of an OFDM system consisting
of N subcarriers, the transmitter structure of MM-OFDMIM(-IQ) is depicted in Fig. 1. A total of m information bits are
split into g subblocks, and each subblock of p = m/g bits is
loaded into an index modulator, which is shown in Fig. 2. Each
index modulator performs IM within n = N/g subcarriers.1
As shown in Fig. 2, in MM-OFDM-IM, IM is performed on
the complex signal chain, while IM is employed separately on
the I- and Q- branches in MM-OFDM-IM-IQ. Next, we outline
1 In principle, different n values can be chosen for different subblocks.
However, using the same n value for all g subblocks leads to the same process
in all subblocks, simplifying the practical implementation. Therefore, we adopt
the same value of n for all g subblocks in this paper.

LI et al.: DIVERSITY ENHANCING MULTIPLE-MODE OFDM WITH INDEX MODULATION

Fig. 1.

3655

Transmitter structure of MM-OFDM-IM(-IQ).

Fig. 3. Optimal mode selection for n = 4 and M = 2 under the PSK
constraint.

Fig. 2. Index modulator for (a) MM-OFDM-IM and (b) MM-OFDM-IM-IQ
within each subblock.

their system models briefly. For both schemes, since the
processes in all subblocks are the same and independent of
each other, we consider the β-th subblock for illustration
without loss of generality, where β ∈ {1, . . . , g}.
A. MM-OFDM-IM
As shown in Fig. 2(a), for each subblock, the incoming
p bits are divided into two parts for different purposes.
The first part, consisting of p1 index bits, determines the
order of the modes {X1 , . . . , Xn }, forming {Xi(β) , . . . , Xi(β) }
(β)

1

(β)

n

with the permutation indices I (β) = [i1 , . . . , in ]T , where
(β)
iγ ∈ {1, . . . , n}, and Xi(β) is an M -ary constellation to
γ
be employed by the γ-th subcarrier with γ ∈ {1, . . . , n}.
We assume that the average power of {X1 , . . . , Xn } is normalized to unity. Also, in order to enable IM, Xi(β) should be
γ
distinguishable across γ, which means I (β) is a full permutation of {1, . . . , n}. The corresponding n modes {X1 , . . . , Xn }
can be obtained by partitioning a combined nM -ary constellation X , as described in [20]. For low transceiver and
symbol modulation/demodulation complexity, X is restricted
to phase shift keying (PSK) constellations in this paper. Under
this constraint, n modes, namely n types of M -PSK, can be
easily obtained by rotating the original M -PSK constellation
with angles 2π(l − 1)/nM, l = 1, . . . , n. An example for
the selection of optimal modes for n = 4 and M = 2

under the PSK constraint is depicted in Fig. 3. Because
of a maximum of n! possible full permutations, it follows
that p1 = log2 (n!). The mapping from p1 bits to I (β)
can be realized by either a look-up table or the permutation
method. Although this mapping brings about some additional
complexity at the transmitter and receiver sides, the incurred
complexity is so minor that the additional process would
not pose a high computational burden to the transmitter and
the receiver. This is because the IM and demodulation are
performed within n subcarriers, where n is often a small
number, resulting in a small-size look-up table or an easyto-implement permutation method. Moreover, the processes in
all subblocks can be performed in parallel.
According to the obtained I (β) and {Xi(β) , . . . , Xi(β) },
n
1
the second part, consisting of p2 = nlog2 (M ) symbol bits,
(β)
(β)
generates the data symbol vector s(β) = [s1 , . . . , sn ]T ,
(β)
where sγ ∈ Xi(β) for γ = 1, . . . , n.
γ

B. MM-OFDM-IM-IQ
As shown in Fig. 2(b), pI and pQ bits derived from the
incoming p bits are used for IM on the I- and Q- branches,
respectively, where pI = pQ . For the I-branch, similar
to the IM method used for MM-OFDM-IM, the pI bits
are separated into pI1 = log2 (n!) index bits and pI2 =
nlog2 (M ) symbol bits. According to pI1 bits and a look-up
(β)
table or permutation method, the permutation indices II =
(β)
(β)
[iI,1 , . . . , iI,n ]T are determined. Then, the pI2 bits are mapped
to n symbols via n distinguishable M -ary pulse amplitude
modulation (PAM) constellations {Xi(β) , . . . , Xi(β) }, forming
(β)

(β)

(β)

(β)

I,1

I,n

sI = [sI,1 , . . . , sI,n ]T , where sI,γ ∈ Xi(β) and the average
I,γ
power of Xi(β) is 1/2 for γ = 1, . . . , n. As described in [20],
I,γ
these n modes {Xi(β) , . . . , Xi(β) } can be obtained from an
I,1
I,n
nM -PAM constellation. Fig. 4 provides an example for n = 4
and M = 2.
Following the same IM procedures, with pQ bits, a symbol
(β)
vector sQ on the Q-branch is generated. By combining
(β)
(β)
(β)
(β)
sI and sQ , we obtain s(β) = sI + jsQ .
(β)
After obtaining {s } for all β, the remaining procedures
for both MM-OFDM-IM and MM-OFDM-IM-IQ are the
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Fig. 4. Optimal mode selection for n = 4 and M = 2 under the PAM
constraint.

{s(β) }gβ=1

same. First, concatenating
OFDM signal block as follows:

T
T T

x = s(1) , . . . , s(g)

yields the N × 1 main

(1)

T

x = [x1 , . . . , xN ]
T

(1) (2)
(g)
(2)
(g)
= s1 , s1 , . . . , s1 , . . . , s(1)
. (2)
n , sn , . . . , sn
Afterwards, inverse fast Fourier transform (IFFT) is performed
on x and a cyclic prefix (CP) is added to the beginning of
the signal block. Then, parallel-to-serial and digital-to-analog
conversions are carried out in sequence. Finally, the resulting
signals are transmitted through a frequency-selective Rayleigh
fading channel.
At the receiver, after discarding the CP part from the
received signal and performing an N -point FFT and the
de-interleaving operations, the equivalent input-output relationship for the β-th subblock in the frequency domain is given
by
T

(β)
(3)
y(β) = y1 , . . . , yn(β) = X(β) h(β) + w(β) ,
(β)

(β)

where X(β) = diag(s(β) ), w(β) = [w1 , . . . , wn ]T is a
frequency-domain noise vector distributed as CN (0, N0 In ),
(β)
(β)
and h(β) = [h1 , . . . , hn ]T is the channel vector in the
frequency domain. With de-interleaving, h(β) follows the
CN (0, In ) distribution. We define the average SNR per subcarrier as ρ = 1/N0 .
Due to the encoding independence between different subblocks, the MM-OFDM-IM(-IQ) signal can be detected blockby-block. From (3), for MM-OFDM-IM, the ML detector for
the β-th subblock can be expressed as

2




ŝ(β) , Î (β) = arg min y(β) − X(β) h(β)  ,
(4)
s(β) ,I (β)

Δ

(β)

(β)

(β)

where ŝ(β) = [ŝ1 , . . . , ŝn ]T and Î (β) = [î1 , . . . , în ]T .
For MM-OFDM-IM-IQ, the overall detection can be decoupled into independent I- and Q-detections. For the I-branch,
as an example, we have



2


(β)
(β)
(β)
(β) 
= arg min H(β) zI − sI  ,
ŝI , ÎI
(5)
(β)

p1 + p2
1
= log2 (n!) + log2 (M ) ,
n
n

(β)

sI ,II

(β)

(β)

(β)

(6)

and
2
pI +pQ
= log2 (n!) + 2log2 (M ),
n
n
(7)

To harvest the frequency diversity, let (1) pass through a
symbol-level interleaver whose output is given by

(β)

FMM-OFDM-IM =

FMM-OFDM-IM-IQ =

T

(1)
(2)
(g)
(2)
(g)
= s1 , . . . , s(1)
,
s
,
.
.
.
,
s
,
.
.
.
,
s
,
.
.
.
,
s
.
n
n
n
1
1

Δ

Obviously, the computational complexities of the optimal
ML detectors in (4) and (5), in terms of complex multiplications, are of the same order ∼ O(n!M n ) per subblock.
1) SE: From the above description, the SEs of
MM-OFDM-IM and MM-OFDM-IM-IQ without considering
the CP overhead are given by (bps/Hz)

where H(β) = diag(h(β) ) and zI = [zI,1 , . . . , zI,n ]T =
−1
{H(β) y(β) } denotes the real part of the equalized received
signal.

respectively. From (6) and (7), we conclude that with the same
parameters of n and M , the SE of MM-OFDM-IM-IQ doubles
that of MM-OFDM-IM.
2) Diversity Order: To get insights into the diversity
achieved by MM-OFDM-IM(-IQ), we derive an improved
upper bound on the average bit error probability (ABEP)
assuming the ML detection. Since the I- and Q- branches
are independent in MM-OFDM-IM-IQ, the overall error probability can be represented by the ABEP term contributed
by either the I- or Q- branch. Therefore, the ABEP analysis for MM-OFDM-IM and MM-OFDM-IM-IQ is similar.
For brevity, we focus only on the ABEP analysis for
MM-OFDM-IM and omit the superscript (β) unless otherwise
specified.
The error events in MM-OFDM-IM can be categorized into
two cases: (i) correct detection of index bits and (ii) incorrect
detection of index bits. Hence, it is easy to figure out that
ABEP is given by
ABEPMM-OFDM-IM = ABEPi + ABEPii ,

(8)

where
ABEPi =
and
ABEPii ≤

1
p2p

p2
· Psb ,
p


 

Pr X → X̂ G X, X̂ .

(9)

(10)

X,X̂
I=Î

Note that (10) is obtained from the well-known union
bounding technique. The union bound indicates that for any
finite or countable set of events, the probability that at least
one of the events happens is no greater than the sum of the
probabilities of the individual events. A similar formula can
also be found in [20]. In (9) and (10),
1) Psb is the ABEP for the M -ary PSK demodulation over
Rayleigh fading channels.
2) Pr(X → X̂), which denotes the probability for the event
that the transmitted X is erroneously detected as X̂,
is given in [6] by


1/4
1/12
+
,
Pr X → X̂ ≈
det (In +(ρ/4) E) det (In +(ρ/3) E)
(11)
with E = (X − X̂)H (X − X̂).
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Fig. 5.

Index modulator for CI-MM-OFDM-IM within each subblock.

3) G(X, X̂) is the number of erroneous bits when X is
detected as X̂.
At high SNR, (10) is simplified to
⎞−1
⎛
r
1
⎝
ABEPii ≤
λξ (E)⎠
12p2p
X,X̂
I=Î

⎡

III. T RANSMIT D IVERSITY S CHEMES FOR
MM-OFDM-IM(-IQ)
In this section, inspired by the derived ABEP upper
bound in (8), we propose two transmit diversity schemes,
i.e., CI-MM-OFDM-IM and LCP-MM-OFDM-IM-IQ, for
MM-OFDM-IM and MM-OFDM-IM-IQ, respectively,
by transmitting each M -ary symbol over multiple fading
channels.
A. CI-MM-OFDM-IM
In this subsection, the CI technique is introduced into
MM-OFDM-IM to improve its diversity order. The basic
principle of CI is to interleave the real and imaginary parts
of two complex symbols so that each complex symbol would
be transmitted over two subchannels.
The transmitter structure of CI-MM-OFDM-IM is the same
as that of MM-OFDM-IM(-IQ) in Fig. 1 except that its index
modulator is replaced by the enhanced index modulator of
Fig. 5. As shown in Fig. 5, for each subblock, p information bits are first modulated by the index modulator for
MM-OFDM-IM, obtaining the symbol vector s. To make CI
effective, a constellation rotation is performed on s, yielding
s̃ = [s̃1 , . . . , s̃n ]T = ejθ [s1 , . . . , sn ]T , where s̃γ ∈ Xiθγ , γ ∈
π
{1, . . . , n}, and θ ∈ (0, nM
) is the rotation angle to be
⎤
{y2k−1 }
⎢ {y2k−1 } ⎥
⎢
⎥
⎣ {y2k } ⎦
{y2k }

⎡

{h2k−1 }
⎢ {h2k−1 }
=⎢
⎣
0
0

0
0
−{h2k }
{h2k }

0
0
{h2k }
{h2k }

⎤

c1
c2
..
.

⎡

 {s̃1 } + j {s̃2 }
 {s̃2 } + j {s̃1 }
..
.

⎤

⎥ ⎢
⎥
⎢
⎥ ⎢
⎥
⎢
⎥ ⎢
⎥
⎢
⎥ ⎢
⎥
⎢
⎥ ⎢
⎥
⎢
⎢ c2k−1 ⎥ ⎢  {s̃2k−1 } + j {s̃2k } ⎥
⎥=⎢
⎥
c=⎢
⎢ c2k ⎥ ⎢  {s̃2k } + j {s̃2k−1 } ⎥.
⎥ ⎢
⎥
⎢
⎥
⎢ . ⎥ ⎢
..
⎥
⎢ .. ⎥ ⎢
.
⎥ ⎢
⎥
⎢
⎣ cn−1 ⎦ ⎣  {s̃n−1 } + j {s̃n } ⎦
cn
 {s̃n } + j {s̃n−1 }

(12)

where r = rank(E) and λξ (E), ξ = 1, . . . , r, are the nonzero
eigenvalues of E. Since in case (ii) at least two modes within
each subblock are detected erroneously, we have r ≥ 2,
i.e., the diversity order associated with the index bits detection
is two. However, there is no diversity gain in the M -ary symbol demodulation due to the transmission over a single fading
channel, which limits the overall diversity of MM-OFDMIM(-IQ). Fortunately, these observations also point out a
method to improve the diversity of MM-OFDM-IM(-IQ).

⎡

optimized. Note that, the combined constellation becomes
θ-rotated nM -ary PSK denoted by X θ . Constellation rotation
is an essential step to ensure that the points in one constellation
can be distinguished through one (I- or Q-) dimension [35]. For
n being an even number, interleaving the real and imaginary
parts of (s̃2k−1 , s̃2k ), k = 1, . . . , n/2, yields

ξ=1



 
×ρ−r 4r + 3r+1 G X, X̂ ,
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(13)

Similar to MM-OFDM-IM, concatenating {c(β) } for all β
generates the signal vector x as in (1). The received signal in
the frequency domain for the β-th block can be derived in the
same form as (3), where X(β) is revised as X(β) = diag(c(β) ).
It should be noted that the raw ML detector (4) is also
suitable for CI-MM-OFDM-IM. Moreover, due to the CI
orthogonal design, the computational complexity of (4) for
CI-MM-OFDM-IM can be reduced by single-symbol ML
decoding as follows. For each realization of I, denoted by
(I)η , η ∈ {1, . . . , 2p1 }, the overall ML detection problem
can be decomposed into n/2 different detection problems,
each associated with a pair of symbols (s̃2k−1 , s̃2k ), k =
1, . . . , n/2, which is shown at the bottom of this page as (14).
We rewrite (14) in a matrix form as

 
 
ȳk = H̄k ¯s̃k η + w̄k = H̄k,1 H̄k,2 ¯s̃k η + w̄k .
(15)
For each η ∈ {1, . . . , 2p1 }, since the columns of H̄k are
orthogonal to each other, the ML metric can be calculated as




T 

2
ȳk − H̄k,1 {s̃2k−1 } {s̃2k−1 } η 

n/2

Δη =

min

k=1

s̃2k−1 ∈Xiθ

2k−1

+

min

s̃2k ∈Xiθ




T 

2
ȳk − H̄k,2 {s̃2k } {s̃2k } η  .

2k

(16)
Finally, the receiver determines the permutation indices from
η̂ = arg min Δη ,
η

⎡
⎤⎡
⎤
⎤
−{h2k−1 }
{w2k−1 }
{s̃2k−1 }
⎢
⎥
⎥
⎢
{h2k−1 } ⎥
⎥ ⎢ {s̃2k−1 } ⎥ + ⎢ {w2k−1 } ⎥.
⎣ {w2k } ⎦
⎦ ⎣ {s̃2k } ⎦
0
0
{s̃2k } η
{w2k }

(17)

(14)
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Fig. 6. Index modulator for LCP-MM-OFDM-IM-IQ within each subblock.

The frequency-domain received signal for the β-th block can
be expressed in the same form as (3), where X(β) is revised as
X(β) = diag(d(β) ). Similar to the detection for MM-OFDMIM-IQ, the LCP-MM-OFDM-IM-IQ signal can be detected
on the I- and Q- branches independently. Specifically, for the
I-branch, the ML detection can be formulated as
n


ÎI , ŝI = arg min
|hγ |2 |zI,γ − dI,γ |2
II ,sI

and detects the data symbols from


T 

2
s̃ˆ2k−1 = arg min ȳk − H̄k,1 {s̃2k−1 } {s̃2k−1 } η̂  ,

γ=1
n/2

= arg min
II

s̃2k−1 ∈Xiθ

2k

k=1

2

ξ=2k−1

2k−1


T 



s̃ˆ2k = arg min ȳk − H̄k,2 {s̃2k } {s̃2k } η̂ ,

(22)

(18)
(19)

s̃2k ∈Xiθ

2k

for k = 1, . . . , n/2. As seen from (16), the computational
complexity of the single-symbol ML detector for CI-MMOFDM-IM is of order ∼ O(nn!M ) per subblock, which is
much lower than that of the raw ML detector (4) and increases
linearly with n.

where zI,γ = {yγ /hγ }, dI,2k−1 = a11 sI,2k−1 + a12 sI,2k ,
and dI,2k = a21 sI,2k−1 + a22 sI,2k . Let us define

2

2


2
2
Dk = |h2k−1 | zI,2k−1 − dˆI,2k−1  + |h2k | zI,2k − dˆI,2k  ,
(23)
where dˆI,2k−1 and dˆI,2k are estimated from
2k

(ŝI,2k−1 , ŝI,2k ) =
B. LCP-MM-OFDM-IM-IQ
The index modulator for LCP-MM-OFDM-IM-IQ is
depicted in Fig. 6, which is the same as that of MM-OFDMIM-IQ except that an additional precoder is employed on
each branch. Due to the similarity of encoding and decoding
procedures on the I- and Q- dimensions, we focus only on the
I-branch in the following.
After obtaining sI by using pI bits, let sI pass through the
precoder, in which sI is decomposed into n/2 pairs and each
pair is precoded by


a11 a12
A=
,
(20)
a21 a22
where all elements are real numbers since PAM symbols are
transmitted on both the I- and Q- branches, and we set a2ι1 +
a2ι2 = 1, ι = 1, 2, to ensure the same power as the input. The
optimal A will be investigated in Section IV. After precoding,
the output of the precoder becomes
 ⎤

⎤ ⎡
⎡
dI,1
sI,1
A
⎢ dI,2 ⎥ ⎢
sI,2 ⎥
⎥ ⎢
⎢
⎥
⎢ .. ⎥ ⎢
⎥
..
dI = ⎢ . ⎥ = ⎢
⎥
.
⎥ ⎢ 
⎢
⎥
⎣ dI,n−1 ⎦ ⎣
sI,n−1 ⎦
A
dI,n
sI,n
⎤
⎡
a11 sI,1 + a12 sI,2
⎢ a21 sI,1 + a22 sI,2 ⎥
⎥
⎢
⎥
⎢
..
=⎢
(21)
⎥.
.
⎥
⎢
⎣ a11 sI,n−1 + a12 sI,n ⎦
a21 sI,n−1 + a22 sI,n
Finally, we obtain the transmitted signal by stacking d(β) =
(β)
(β)
dI +jdQ for β = 1, . . . , g and implementing the remaining
process, which is the same as that for MM-OFDM-IM.

2

|hξ | |zI,ξ −dI,ξ | ,

min

sI,2k−1 ∈Xi
I,2k−1
sI,2k ∈Xi
I,2k

arg min

sI,2k−1 ∈XiI,2k−1
ξ=2k−1
sI,2k ∈XiI,2k

2

2

|hξ | |zI,ξ − dI,ξ | .
(24)

Therefore, the ML detection for II in (22) can be performed
equivalently by
n/2

ÎI = arg min
II

Dk .

(25)

k=1

From the above description, in terms of complex multiplications, the computational complexity of the optimal lowcomplexity ML detection, including the detections for both the
I- and Q- branches, is of order ∼ O(nn!M 2 ) per subblock for
LCP-MM-OFDM-IM-IQ.
C. Complexity Comparison
In this subsection, we compare the detection complexity of
CI-MM-OFDM-IM and LCP-MM-OFDM-IM-IQ with that of
classical OFDM. Table I lists the average number of metric
calculations per subcarrier generated by the brute-force ML
and low-complexity ML detectors for CI-MM-OFDM-IM,
the brute-force ML and low-complexity ML detectors for
LCP-MM-OFDM-IM-IQ, and the brute-force ML detector for
classical OFDM, which are calculated as (n − 1)!M n , n!M ,
2(n − 1)!M n , n!M 2 , and M , respectively. For fair comparisons, we select proper parameters for each scheme to achieve
the same SEs of 2, 3, 4, and 6 bps/Hz. As we can observe
from Table I, the low-complexity ML detectors for CI-MMOFDM-IM and LCP-MM-OFDM-IM-IQ exhibit a much lower
detection complexity than the brute-force ML detectors, which
could be critical for low-latency communications. On the
other hand, in comparison with CI-MM-OFDM-IM, LCPMM-OFDM-IM-IQ offers considerable complexity reduction
for either ML or low-complexity ML detection.
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TABLE I
C OMPARISON OF D ETECTION C OMPLEXITY B ETWEEN CI-MM-OFDM-IM, LCP-MM-OFDM-IM-IQ, AND C LASSICAL OFDM

IV. O PTIMAL D ESIGN
In this section, under the diversity constraint, we optimize the schemes of CI-MM-OFDM-IM and LCP-MMOFDM-IM-IQ by maximizing their minimum coding gain
distances (CGDs).
A. Optimal Design of CI-MM-OFDM-IM
In CI-MM-OFDM-IM, recalling that E = (X −
X̂)H (X − X̂) and the principle of CI, there are at least two
different modulated symbols between X and X̂, whether the
index bits are detected correctly or not. Therefore, we have
r ≥ 2 and the diversity order of CI-MM-OFDM-IM is two.
Further, the choice of the rotation angle θ highly affects ABEP.
In this subsection, we derive the optimal θ for CI-MM-OFDMIM in the sense of maximizing the minimum CGD under the
constraint r = 2, namely,


(26)
θopt = arg max min λ (E) ,
θ

X,X̂

Fig. 7.

where λ(E) = λ1 (E)λ2 (E).
By denoting Δs̃γ = s̃γ − s̃ˆγ for γ = 1, . . . , n, E can be
expressed as
⎤⎞
⎛⎡ 2
 {Δs̃1 } + 2 {Δs̃2 }
⎜⎢ 2 {Δs̃ } + 2 {Δs̃ } ⎥⎟
⎥⎟
⎜⎢
2
1
⎥⎟
⎜⎢
⎥⎟
⎜⎢
.
..
E = diag ⎜⎢
(27)
⎥⎟ .
⎥⎟
⎜⎢
⎥
⎜⎢ 2
⎟
⎝⎣  {Δs̃n−1 } + 2 {Δs̃n } ⎦⎠
2 {Δs̃n } + 2 {Δs̃n−1 }
With r = 2, without loss of generality, we assume Δs̃3 =
· · · = Δs̃n = 0, and (Δs̃1 , Δs̃2 ) = (0, 0). Therefore, we have



λ (E) = 2 {Δs̃1 } + 2 {Δs̃2 } 2 {Δs̃2 } + 2 {Δs̃1 } .
(28)

θopt

Minimum CGD versus θ for CI-MM-OFDM-IM.
TABLE II
T HE O PTIMAL θ FOR 4 C OMBINATIONS OF n AND M

Proposition 1: The optimal rotation angle θopt for CI-MMOFDM-IM is given by (29), shown at the bottom of this page.
Proof: See Appendix A.
For example, Table II lists the optimal θ for four combinations of n and M with n ∈ {2, 4} and M ∈ {2, 4}.
Their minimum CDGs versus θ curves are plotted in Fig. 7,
which validate the derived optimal θ values.

⎧π
⎪
,
for M = 2, n = 2
⎪
⎪
8
⎪
⎪
π π
1
π
1
⎪
⎪
− cos ),
− arcsin(1 − cos )),
for M = 2, n ≥ 3
⎪
⎨( 2 arcsin(1
n 2n 2
n ⎞
⎛
=
2π
⎪
1 − cos
⎪1
⎜
⎟
2π
⎪
M
⎪
⎜
$
%⎟
⎪
⎪ 2 arccot ⎝cot nM +
⎠ , for M ≥ 4, n ≥ 2.
⎪
2π
2π
⎪
⎩
2 sin
1 − cos
nM
nM

(29)
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B. Optimal Design of LCP-MM-OFDM-IM-IQ
For the I-branch of LCP-MM-OFDM-IM-IQ, from (21),
EI is given by
H 


XI − X̂I
EI = XI − X̂I
⎛⎡

2

(a11 ΔsI,1 + a12 ΔsI,2 )

⎤⎞

⎥⎟
⎜⎢
⎜⎢
2 ⎥⎟
⎜⎢ (a21 ΔsI,1 + a22 ΔsI,2 ) ⎥⎟
⎥⎟
⎜⎢
⎥⎟
⎜⎢
.
⎢
⎥⎟ ,
⎜
..
= diag ⎜⎢
⎥⎟
⎥⎟
⎜⎢
⎜⎢
2 ⎥⎟
⎜⎢ (a11 ΔsI,n−1 + a12 ΔsI,n ) ⎥⎟
⎦⎠
⎝⎣
2
(a21 ΔsI,n−1 + a22 ΔsI,n )

(30)

where XI = diag(dI ) and ΔsI,γ = sI,γ − ŝI,γ , γ = 1, . . . , n.
From (30), we observe that r ≥ 2 and the equality holds
when there is only a pair of symbols (ΔsI,2k−1 , ΔsI,2k ) =
(0, 0), k ∈ {1, . . . , n/2} and the others are equal to (0, 0).
Therefore, the diversity order of LCP-MM-OFDM-IM-IQ
has been increased to two. However, the precoding matrix
A should be optimized to achieve the maximum coding
gain. In this subsection, we address the design problem of
the optimal A for LCP-MM-OFDM-IM-IQ under the constraint r = 2. The optimization problem can be formulated
as


(31)
Aopt = arg max min λ (EI ) ,
XI ,X̂I

A

s.t. a2ι1 + a2ι2 = 1, ι = 1, 2,
where λ(EI ) = λ1 (EI )λ2 (EI ).
For the clarity of presentation, we assume (ΔsI,1 , ΔsI,2 ) =
(0, 0) and (ΔsI,2k−1 , ΔsI,2k ) = (0, 0) for k = 2, . . . , n/2.
Thus, we have
2

λ (EI ) = [(a11 ΔsI,1 + a12 ΔsI,2 ) (a21 ΔsI,1 + a22 ΔsI,2 )] .
(32)
For (ΔsI,1 , ΔsI,2 ) = (0, 0), the associated λ(EI ) can be
classified into three cases, which are given by (33), shown
at the bottom of this page. Therefore, (31) can be further
simplified as (34), shown at the bottom of this page.
Lemma: If A = [a 11 , a 12 ; a 21 , a 22 ] is a solution to (34), B = [±|a11 |, ±|a12 |; ±|a21 |, ±|a22 |] with
sgn(b11 b12 b21 b22 ) = sgn(a11 a12 a21 a22 ), is also a solution,
where bικ is the (ι, κ)-th element of B for ι, κ ∈ {1, 2}.

⎧
2
2
⎪
⎪
(Δs
)
a
a
,
I,1
11
21
⎪
⎨
2
2
λ (EI ) =
(ΔsI,2 ) a12 a22 ,
⎪
⎪
⎪
⎩[(a Δs + a Δs
11


Aopt = arg max
A

min

XI ,X̂I

I,1

12

I,2 ) (a21 ΔsI,1

Fig. 8.

Minimum CGD versus φ for LCP-MM-OFDM-IM-IQ.

Proof: See Appendix B.
Proposition 2: The optimal precoder Aopt , leading to the
maximum CGD, is given by


± cos φ (n) ± sin φ (n)
,
(35)
Aopt =
± sin φ (n) ± cos φ (n)
where a11 a12 a21 a22 < 0 and φ(n) = 12 arctan( n22 ).
Proof: See Appendix C.
Interestingly, as seen from (35), φ(n) only depends on n
and is independent of M . For example, when n = 2 and 4,
the optimal values of φ(n) are 13.3◦ and 3.6◦ , respectively,
which are also verified by the computer simulations in Fig. 8.
V. S IMULATION R ESULTS AND C OMPARISONS
In this section, we perform computer simulations to evaluate the uncoded BER performance of CI-MM-OFDM-IM
and LCP-MM-OFDM-IM-IQ by comparing them with MMOFDM-IM [20], MM-OFDM-IM-IQ [20], OFDM-IM [6],
OFDM-IM-IQ [12], and classical OFDM. In all simulations,
the number of total OFDM subcarriers is N = 128, and
each BER point is obtained by averaging over at least
105 transmissions. The channel is set to be frequencyselective Rayleigh fading and all considered schemes employ
ML or low-complexity ML detection. In OFDM-IM(-IQ),
we use n to denote the number of active subcarriers within
n subcarriers.

for ΔsI,1 = 0, ΔsI,2 = 0
for ΔsI,1 = 0, ΔsI,2 = 0
2

+ a22 ΔsI,2 )] ,

(33)

for ΔsI,1 = 0, ΔsI,2 = 0.

 

&
'

 

2
2
)
a
a
)
a
a
Δs
+
a
Δs
)
(a
Δs
+
a
Δs
)|
,
,
|(a
. (34)
(ΔsI,1 11 21  (ΔsI,2 12 22 
11
I,1
12
I,2
21
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22
I,2
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Fig. 9.
Performance comparison among classical OFDM, OFDM-IM,
MM-OFDM-IM, and CI-MM-OFDM-IM at an SE level of 1.5 bps/Hz.
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Fig. 10.
Performance comparison among classical OFDM, OFDM-IM,
MM-OFDM-IM, and CI-MM-OFDM-IM at an SE level of 2 bps/Hz.

A. Perfect Channel Estimation
In this subsection, perfect channel estimation is assumed
for all considered schemes. Fig. 9 depicts the comparison
results between classical OFDM, OFDM-IM, MM-OFDM-IM,
and CI-MM-OFDM-IM, where all schemes achieve an SE
of 1.5 bps/Hz except classical OFDM with binary (B-)PSK
and QPSK that have SEs of 1 and 2 bps/Hz, respectively. It is
worth noting that the comparison is still effective, since the
curve of classical OFDM at 1.5 bps/Hz can be predicted to be
lying between those at 1 and 2 bps/Hz. As seen from Fig. 9,
CI-MM-OFDM-IM achieves a diversity order of two, while
other schemes have the same diversity order of unity. Therefore, CI-MM-OFDM-IM performs the best among all schemes
when a SNR value is greater than 8 dB. Moreover, the union
bound provides an accurate BER prediction for CI-MMOFDM-IM at high SNR. As revealed in the literature, OFDMIM exhibits noticeable SNR gains over classical OFDM. Interestingly, given the parameters in this configuration, the BER
curve of MM-OFDM-IM overlaps that of OFDM-IM. This can
be easily understood by the facts that they transmit the same
proportion of the index bits and the power saving provided by
OFDM-IM with a factor of 50% stemming from the inactive
subcarriers, which corresponds to 10log10 (2) ≈ 3 dB SNR
gain, is counterbalanced by the modulation loss from BPSK
to QPSK. In general, MM-OFDM-IM outperforms OFDM-IM,
which can be observed in the rest of comparisons.
In Fig. 10, we compare the BER performance of classical
OFDM, OFDM-IM, MM-OFDM-IM, and CI-MM-OFDM-IM,
where all schemes achieve an SE of 2 bps/Hz. As expected,
in this system setup, MM-OFDM-IM achieves about 3 dB
SNR gain over OFDM-IM at a BER value of 10−3 , since
the proportion of the index bits in MM-OFDM-IM, which is
1/2, is higher than that in OFDM-IM, which is 1/4. Similar to
the observations in Fig. 9, CI-MM-OFDM-IM performs better
than all other reference schemes when SNR≥10 dB due to its

Fig. 11.
Performance comparison among classical OFDM, OFDM-IM,
OFDM-IM-IQ, MM-OFDM-IM, CI-MM-OFDM-IM, MM-OFDM-IM-IQ,
and LCP-MM-OFDM-IM-IQ at an SE level of 3 bps/Hz.

higher diversity order. Moreover, the upper bound agrees with
the computer simulation counterpart well at high SNR.
Fig. 11 shows the BER performance of classical OFDM,
OFDM-IM, OFDM-IM-IQ, MM-OFDM-IM, CI-MM-OFDMIM, MM-OFDM-IM-IQ, and LCP-MM-OFDM-IM-IQ, where
all schemes achieve an SE of 3 bps/Hz. The BER upper
bounds for CI-MM-OFDM-IM and LCP-MM-OFDM-IM-IQ
are also given. Similar to the results in [12], OFDM-IM-IQ
outperforms OFDM-IM and classical OFDM. In this system
setup, we observe that MM-OFDM-IM and MM-OFDMIM-IQ have similar performance due to their same proportion

3662

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 66, NO. 8, AUGUST 2018

Fig. 12.
Performance comparison among classical OFDM, OFDM-IM,
OFDM-IM-IQ, MM-OFDM-IM, CI-MM-OFDM-IM, MM-OFDM-IM-IQ,
and LCP-MM-OFDM-IM-IQ at an SE level of 4 bps/Hz.

Fig. 13.
Performance comparison among classical OFDM, OFDM-IM,
OFDM-IM-IQ, MM-OFDM-IM-IQ, and LCP-MM-OFDM-IM-IQ at an SE
level of 6 bps/Hz.

of index bits, which is 1/3. However, they still perform
slightly different because of the different types of constellations they employ. At low SNR, MM-OFDM-IM-IQ outperforms MM-OFDM-IM, since the minimum distance between
√
different modes in MM-OFDM-IM-IQ, which is 2/ 10 =
0.6325,
is larger than that in MM-OFDM-IM, which is
(
2 − 2 cos π8 = 0.3902. On the contrary, MM-OFDM-IMIQ performs worse than MM-OFDM-IM at high SNR. This
is because that the minimum distance within
√ each mode in
MM-OFDM-IM-IQ, which is given by 4/ 10 = 0.2649,
is
√ smaller than that in MM-OFDM-IM, which is given by
2 = 1.4142. As seen from Fig. 11, both CI-MM-OFDM-IM
and LCP-MM-OFDM-IM-IQ achieve a diversity order of two,
and perform better than MM-OFDM-IM and MM-OFDM-IMIQ, respectively. On the other hand, LCP-MM-OFDM-IM-IQ
obtains approximately a 3 dB SNR gain over CI-MM-OFDMIM at a BER value of 10−5 . Due to the higher complexity
and worse BER performance, CI-MM-OFDM-IM is suitable
for systems operating at SEs up to 2 bps/Hz, in which
LCP-MM-OFDM-IM-IQ is not available.
In Fig. 12, the BER performance of classical OFDM,
OFDM-IM, OFDM-IM-IQ, MM-OFDM-IM, CI-MM-OFDMIM, MM-OFDM-IM-IQ, and LCP-MM-OFDM-IM-IQ are
compared at an SE level of 4 bps/Hz. As seen from Fig. 12,
MM-OFDM-IM provides little performance improvement with
respect to OFDM-IM and classical OFDM, and it even
performs worse than OFDM-IM-IQ in the considered SNR
range. Although improving the diversity order of MM-OFDMIM from unity to two, CI-MM-OFDM-IM obtains higher
BER values than MM-OFDM-IM-IQ when SNR ≤ 36 dB.
On the other hand, thanks to the smaller size of constellation
employed by each subcarrier and the higher proportion of
the index bits, MM-OFDM-IM-IQ achieves an SNR gain of
about 4 dB over OFDM-IM-IQ. The same reason explains its

Fig. 14.
Performance comparison among MM-OFDM-IM, CI-MMOFDM-IM, MM-OFDM-IM-IQ, and LCP-MM-OFDM-IM-IQ in the presence
of channel estimation errors at an SE level of 3 bps/Hz.

superiority over MM-OFDM-IM. Moreover, we observe from
Fig. 12 that LCP-MM-OFDM-IM-IQ performs better than the
other schemes, since the diversity improvement in LCP-MMOFDM-IM-IQ is obtained without loss of SE with respect to
MM-OFDM-IM-IQ.
Fig. 13 presents comparison results among classical OFDM,
OFDM-IM, OFDM-IM-IQ, MM-OFDM-IM-IQ, and LCPMM-OFDM-IM-IQ at an SE level of 6 bps/Hz. Through
comparing Figs. 11-13, we observe that the superiority of
OFDM-IM and OFDM-IM-IQ over classical OFDM becomes
marginal with increasing SE. At an SE of 6 bps/Hz, OFDM-IM
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even performs worse than classical OFDM in the considered
SNR range, as shown in Fig. 13. Fortunately, MM-OFDM-IMIQ still outperforms OFDM-IM-IQ, OFDM-IM, and classical
OFDM at high SEs. With diversity improvement, LCP-MMOFDM-IM-IQ performs better than MM-OFDM-IM-IQ in the
overall SNR region. However, with increasing SE, the superior
performance of LCP-MM-OFDM-IM-IQ is only exhibited at
higher SNR values. This can be attributed to the larger error
probability of detecting the permutation of modes.
B. Imperfect Channel Estimation
In Fig. 14, we compare the BER performance of MMOFDM-IM, CI-MM-OFDM-IM, MM-OFDM-IM-IQ, and
LCP-MM-OFDM-IM-IQ in the presence of channel estimation
errors, where all schemes have an SE of 3 bps/Hz and the
channel vector h for each subblock is estimated at the receiver
as h̄ = h + he . Here, he represents the vector of channel estimation errors that follows the distribution CN (0, σe2 In ) [36].
As seen from Fig. 14, channel estimation errors deteriorate
the BER performance of all schemes and error floors can be
observed at high SNR. Moreover, in the presence of channel
estimation errors, CI-MM-OFDM-IM and LCP-MM-OFDMIM-IQ still perform better than conventional MM-OFDM-IM
and MM-OFDM-IM-IQ, respectively.
VI. C ONCLUSION
In this paper, we have proposed CI-MM-OFDM-IM and
LCP-MM-OFDM-IM-IQ schemes to improve the diversity
order of MM-OFDM-IM and MM-OFDM-IM-IQ, respectively. In CI-MM-OFDM-IM, the CI technique is introduced
into MM-OFDM-IM, and the real and imaginary parts of
two complex symbols from different modes are interleaved.
In LCP-MM-OFDM-IM-IQ, the signal vectors on both the
I- and Q- branches are precoded by a 2 × 2 precoder. The
optimal rotation angle for CI-MM-OFDM-IM and the optimal precoding coefficients for LCP-MM-OFDM-IM-IQ in the
sense of maximizing the minimum CGD have been derived
in closed form. Computer simulations have corroborated the
optimal design and the diversity improvement achieved by
CI-MM-OFDM-IM and LCP-MM-OFDM-IM-IQ. We conclude that the proposed two schemes can be considered as
candidates for high data rate and ultra-reliable multi-carrier
communication applications.
A PPENDIX A
P ROOF OF P ROPOSITION 1
It can be readily figured out that there are two different
situations that satisfy (Δs̃1 , Δs̃2 ) = (0, 0). The first situation
is that the modes of s̃1 and s̃2 are both detected correctly,
i.e., s̃γ , s̃ˆγ ∈ Xiθγ , γ = 1, 2. In this case, errors occur only
within modes. The second situation is that the mode of s̃1 is
detected as that of s̃2 and vice versa.
For the first situation, there are three error cases, namely,



Δs̃1 = 0
Δs̃1 = 0
Δs̃1 = 0
and
Δs̃2 = 0,
Δs̃2 = 0,
Δs̃2 = 0.
Due to the symmetry between Δs̃1 and Δs̃2 , and the fact
that 2 {Δs̃1 } · 2 {Δs̃1 } is a term of (28), we only need to
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consider
λ (E) = 2 {Δs̃1 } · 2 {Δs̃1 } .

(36)

Xiθ1 ,

With s̃1 , s̃ˆ1
∈ )
we have Δs̃1
=
)

2πυ
2πυ
2 − 2 cos M cos α, 2 − 2 cos M sin α ,
where
υ ∈ {1, . . . , M − 1} and α ∈ (0, π/2) is the angle
between Δs̃1 and the x-axis. Hence, (36) leads to
$
%
2
2πυ
λ (E) =
1 − cos
(37)
sin 2α .
M
From (37), it can be figured out that
$
%
2
2π
min {λ (E)} =
1 − cos
sin 2θ .
M

(38)

For the second situation, two cases, in which (28) may
achieve the minimum value, are valid, as
described below.
)
2π
• When
Δs̃1
=
2 − 2 cos nM
cos α,
)

2π
2 − 2 cos nM
sin α and Δs̃2 = −Δs̃1 , we have
$
%2
2π
λ (E) = 2 − 2 cos
.
(39)
nM
•

For M = 2, when
*
Δs̃1 =

2 − 2 cos
*

π

π (n − 1)
cos
−θ ,
n
2n

π

π (n − 1)
sin
−θ
2 − 2 cos
n
2n

and

*
Δs̃2 =

2 − 2 cos



π

π
π
cos
−
+θ ,
n
2
2n


*
π

π
π
−
+θ
2 − 2 cos sin
,
n
2
2n
we have

2

π
− 2θ
.
(40)
λ (E) = 2 sin
n
For M ≥ 4, when
*
 π

2π
Δs̃1 =
cos
−θ ,
2 − 2 cos
nM
nM

*


π
2π
sin
−θ
2 − 2 cos
nM
nM
and

*
Δs̃2 =

2 − 2 cos

 π

2π
sin
−θ ,
nM
nM


 π

2π
cos
−θ
,
2 − 2 cos
nM
nM

*

we have

%2
 $
%
$
2π
2π
− 2θ
.
λ (E) = 2 1 − cos
sin
nM
nM
(41)
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θopt

+
+

,,
⎧
arg max min 2 sin 2θ, 2 − 2 cos πn , 2 sin πn − 2θ
,
for M = 2
⎪
⎪
⎪
θ
$
%
⎪
⎫
⎧
⎫
⎧
⎪
⎨
2π
2π ⎪⎪
⎪
⎪
⎪
⎪
⎬
⎨ 1 − cos M sin 2θ, 2 − 2 cos nM , ⎪
⎬⎪
⎨
=
⎪
%
$
%
$
⎪
, for M ≥ 4.
arg max min
⎪
⎪
⎪
⎪
⎪
⎪
2π
2π
θ
⎪
⎪
⎪
⎪
⎩
⎭
⎩ 2 1 − cos
⎭⎪
⎩
− 2θ
sin
nM
nM

By combining (38)-(41), we can formulate (26) as (42),
shown at the top of this page.
For M = 2, we observe that the curves of 2 sin 2θ and
π
. When n ≥ 3, we find that
2 sin( πn − 2θ) intersect at θ = 4n
π

2 sin 2θ ≥ 2 − 2 cos n . Hence, for n ≥ 3, θopt is an arbitrary
π
− 12 arcsin(1 −
angle in the interval ( 12 arcsin(1 − cos πn ), 2n
π
π
cos n )); for n = 2, we have θopt = 8 .
2π
≥
For M
≥
4, since 2 − 2 cos nM
2π
2π
2(1 − cos nM ) sin( nM − 2θ) for all θ, we have


1 − cos 2π
2π
1
M

 ,
+
θopt = arccot cot
2π
2π
2
nM
1 − cos nM
2 sin nM
(43)
2π
2π
from (1 − cos 2π
M ) sin 2θ = 2(1 − cos nM ) sin( nM − 2θ).
To sum up, we are led to (29).

A PPENDIX B
P ROOF OF L EMMA
From (34), CGD is calculated by considering three
different cases. The first and the second cases, namely
2
2
|(ΔsI,1 ) a11 a21 | and |(ΔsI,2 ) a12 a22 |, have the same result
for both A and B, given the same ΔsI,1 and ΔsI,2 . In the
third case, with sgn(b11 b12 b21 b22 ) = sgn(a11 a12 a21 a22 ),
for any A , we can always find an appropriate pair of
ΔsI,1 and ΔsI,2 for B that results in the same value
of |(a11 ΔsI,1 + a12 ΔsI,2 )(a21 ΔsI,1 + a22 ΔsI,2 )|. In conclusion, A and B generate the same maximum CGD, completing the proof.
A PPENDIX C
P ROOF OF P ROPOSITION 2
Due to the symmetry between ΔsI,1 and ΔsI,2 , it can
be inferred from (34) that |a11 | = |a22 | and |a12 | = |a21 |.
Further, it is sufficient to assume |a11 | > |a12 | and |a21 | <
|a22 | because swapping a11 and a12 as well as a21 and a22
provides the same CGD. From the Lemma, we observe that
the possible solutions to (34) can be classified into two types,
namely a11 a12 a21 a22 > 0 and a11 a12 a21 a22 < 0, as the first
and second types, respectively.
To begin with, let us consider the first type. According to
the Lemma, we can only consider a11 , a12 , a21 , a22 > 0. Let


cos φopt sin φopt
Aopt =
,
(44)
sin φopt cos φopt
where φopt
∈
(0, π/4). Note that sI,1 , sI,2
∈
{±2, ±4, . . . , ±2(nM − 1)}, the minimum Euclidean
distance within a mode is 2n, and the minimum Euclidean

(42)

distance between modes is 2. Therefore, (34) can be further
simplified as
+
+
,,
Aopt = arg max min 2n2 sin 2φopt , 4 (1 − sin 2φopt ) .
A

(45)
In the second type, due to a11 a12 a21 a22 < 0, without loss
of generality, we assume


cos φopt − sin φopt
Aopt =
.
(46)
sin φopt
cos φopt
Similar to the first type, with (46), (34) can be expressed as
+
+
,,
Aopt = arg max min 2n2 sin 2φopt , 4 cos 2φopt . (47)
A

By comparing (45) and (47), we conclude that the maximum CGD is achieved by the second type of Aopt with
2n2 sin 2φopt = 4 cos 2φopt , since 4 cos 2φ > 4(1 − sin 2φ)
for φ ∈ (0, π/4). Therefore, we have φ(n) = 12 arctan( n22 ),
completing the proof.
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