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Generalized Frequency Division Multiplexing With
Flexible Index Modulation Numerology
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Abstract—In this letter, generalized frequency division multi-
plexing (GFDM) is combined with index modulation (IM) exploit-
ing the block-based structure of GFDM in an innovative way. The
proposed GFDM-IM scheme uses flexible IM numerology to re-
duce out-of-band (OOB) emission and provides a novel multilayer
system model to further benefit from the enhanced distance spec-
trum of IM. The proposed scheme adapts maximum likelihood
successive interference cancellation based near-optimum detector
to improve the error performance and reduce the computational
complexity. It has been shown that the proposed GFDM-IM scheme
achieves better error performance than classical and IM-based or-
thogonal frequency division multiplexing and GFDM schemes at
the same spectral efficiency, and provides an interesting tradeoff
among OOB emission, spectral efficiency, and latency.

Index Terms—Fifth generation (5G) wireless networks, general-
ized frequency division multiplexing (GFDM), index modulation
(IM), multicarrier modulation, physical (PHY) layer design.

I. INTRODUCTION

OWING to increasing demand for fully mobile and con-
nected wireless networks, the wireless community con-

tinues to investigate advanced radio access technologies toward
fifth generation (5G) wireless networks. In this sense, gener-
alized frequency division multiplexing (GFDM) [1] and index
modulation (IM) [2] are two physical (PHY) layer schemes that
come into prominence due to their appealing advantages over
classical schemes. Taking account its strong potential to fulfill
the diverse requirements of future wireless networks, the com-
bination of the IM technique with GFDM has been investigated
in [3]–[5], where a fixed IM numerology has been considered.
In this letter, a novel GFDM-IM scheme, which uses flexible
IM numerology along with the near-optimum detector, is pro-
posed to improve out-of-band (OOB) emission, error perfor-
mance, and computational complexity of the GFDM scheme.
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The main contribution of this letter is providing a mechanism to
optimize OOB emission, spectral efficiency, and latency by ap-
plying sparse IM numerology to the edge GFDM subsymbols.
As far as we know, this application would be the first attempt
to exploit variable-sized IM subblocks with variable number
of active subcarriers for GFDM. Besides, in order to enhance
the error performance and reduce the computational complexity
of the scheme, a new detector, which adapts a maximum like-
lihood (ML) successive interference cancellation (SIC) based
near-optimum detection [5], is developed for the single-input
single-output (SISO) GFDM scheme considering the flexible IM
numerology, and its theoretical error performance is analyzed.
Furthermore, a new system model, which enables multilayer
transmission through IM-bits and quadrature amplitude modu-
lation (QAM) bits, is presented. Thanks to this system model,
the proposed scheme provides different error performances and
spectral efficiencies for QAM and IM bits, and further benefits
from enhanced distance spectrum of IM. The block error rate
(BLER), OOB emission, and computational complexity of the
proposed GFDM-IM scheme are evaluated via computer sim-
ulations. It has been shown that the proposed near-optimum,
flexible, multilayer GFDM-IM scheme is a strong alternative
for future wireless networks due to its improved BLER and
computational complexity performance.

II. SYSTEM MODEL OF GFDM-IM

For a GFDM symbol with M subsymbols, each containing
K subcarriers, the mth subsymbol is divided into Lm IM sub-
blocks, each consists of um = K/Lm subcarriers. In an IM sub-
block, only vm out of um available subcarriers are used to trans-
mit QAM symbols and the active subcarrier positions are used
to convey additional bits. Thus, each IM subblock can trans-
mit a message of αm = vm log2(Q) bits carried by the QAM
symbols and βm = �log2 (C (um , vm ))� bits corresponding to
active subcarrier indices, where �·� denotes the floor function
and C (μ, ν) is the binomial coefficient. Therefore, QAM-bits
and IM-bits that can be mapped to one GFDM-IM subsymbol
become pm = Lm αm and gm = Lm βm , respectively, and the
total number of bits that can be transmitted within the GFDM-
IM scheme is given by P + G bits, where P =

∑M−1
m=0 pm and

G =
∑M−1

m=0 gm .
According to Fig. 1(a), P information bits enter the transmit-

ter to be carried by the QAM symbols. First, these P bits are split
into M groups with pm bits and then each group of pm -bits is
divided into Lm groups each containing αm bits. After that, αm -
bit sequences are mapped by Q-ary mappers to create the mod-
ulated symbols vector sl

m =
[
sl

m (1) , sl
m (2) , . . . , sl

m (vm )
]T

,
where sl

m (γ) ∈ S, for l = 1, 2, . . . , Lm and S denotes the
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Fig. 1. Block diagram of GFDM-IM. (a) GFDM-IM transmitter. (b) GFDM-IM receiver.

Q-ary signal constellation with Q elements. Meanwhile,
G information bits enter the transmitter to be carried by
the active subcarrier indices. These G bits are split into M
groups with gm bits first and then each group of gm -bits is
divided into Lm groups each containing βm bits. These βm -bit
sequences are used by index selectors to select the active sub-
carrier indices ilm =

[
ilm (1) , ilm (2) , . . . , ilm (vm )

]T
, where

ilm (γ) ∈ {1, . . . , um}, by a selection rule. Therefore, ilm has
cm = 2βm possible realizations. Note that the proposed GFDM
IM scheme provides two transmission paths with IM and
QAM. After that, sl

m and ilm vectors are combined to create the

GFDM-IM subblocks dl
m =

[
dl

m (1), dl
m (2), . . . , dl

m (um )
]T

,
where dl

m (γ) ∈ {0,S}, and the resulting GFDM-IM sub-
blocks are concatenated to obtain the GFDM-IM subsymbol
dm = [d0,m , d1,m , . . . , dK−1,m ]. Then, GFDM-IM symbol
creator combines the GFDM-IM subsymbols and forms the
GFDM-IM symbol

d = [d0,0 , . . . , dK−1,0 , d0,1 , . . . , dK−1,1 , . . . , dK−1,M−1 ] (1)

where dk,m ∈ {0,S}, for k = 0, . . . , K − 1,m = 0, . . . , M −
1, is the data symbol of kth subcarrier on mth subsymbol.
At this point, in order to have uncorrelated channels, a block
interleaver with size Lm × um is employed for inner subsym-
bols of d and the interleaved data vector d̃, where d̃k ,m =
d(mod(k,um )Lm +�k/um �),m , for k = 0, . . . ,K − 1,m = 1, . . . ,
M − 2, is obtained. Here, mod(μ, ν) is the modulo of μ
with respect to ν. Then, the resulting GFDM-IM symbol
d̃ is modulated using a GFDM modulator and the GFDM
transmit signal becomes x = Ad̃, where A is an N ×N
GFDM modulation matrix [1] and N = KM . Finally, a cyclic
prefix (CP) with length NCP is appended to x and the resulting
vector x̃ = [x(KM −NCP + 1 : KM)T,xT ]T is sent over a
frequency-selective Rayleigh fading channel.

At the receiver side, considering the block diagram in
Fig. 1(b) and under the assumption that CP is longer than the
channel delay spread (NCh), the received signal vector y can
be expressed as

y = Hx + w = HAd̃ + w = H̃d̃ + w (2)

after the removal of CP. Here, y = [y(0), y(1), . . . , y(N − 1)]T
is the vector of received signals, H is the N ×N circular convo-
lution matrix constructed from the channel impulse response co-
efficients given by h = [h(1), h(2), . . . , h(NCh)]

T, and w is an
N × 1 vector of additive white Gaussian noise samples. The ele-
ments of h and w follow CN (0, 1) and CN (0, σ2

w ) distributions,
respectively, where σ2

w is the variance of the noise samples.

III. NEAR-ML DETECTION OF GFDM-IM SCHEME

At this stage, in order to realize joint detection and demodula-
tion with reduced complexity, ML-SIC method [5] is developed
for SISO GFDM-IM system considering variable-sized IM sub-
blocks. The QR-decomposition [6] of H̃ is given as H̃Π = QR,
where Q is an N ×N unitary matrix, R is an N ×N upper
triangular matrix, Π permutes the columns of H̃ prior to decom-
position in order to realize deinterleaving. Then, multiplying the
received signals with QH yields

ỹ = QHy = Rd + w̃ (3)

where w̃ = QHw. After that, the ML solution of the last IM
subblock is obtained using the upper triangular form of R and
the interference caused by this subblock is removed. Then, the
system size is decreased by um and the operation continues
until the first IM subblock is detected. Algorithm 1 shows the
proposed detection method. Here, the subscripts um , ūm , and :
denote the last um , all but the last um , and all elements of the
subscripted object, respectively. Finally, the original informa-
tion bits are obtained by the subsequent blocks.
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Algorithm 1: ML-SIC Detection.
1: Input = ỹ,R
2: Output = ŝl

m , îlm , for
m = 0, . . . ,M − 1, l = 1, . . . , Lm

3: for m←M − 1 to 0 do
4: for l← Lm to 1 do
5: d̂l

m = argmin
I,S

‖ỹum
−Rum ,um

dl
m‖2

6: ŷl
m = R:,um

d̂l
m , ỹ← ỹ − ŷl

m
7: ỹ← ỹūm

,R← Rūm ,ūm

8: end for
9: end for

IV. PERFORMANCE ANALYSIS OF GFDM-IM SCHEME

In this section, we analytically evaluate the BLER perfor-
mance of the GFDM-IM scheme using the near-optimum detec-
tor. When the channel state information is perfectly known at the
receiver, the IM subblock ML detector computes an estimate of
the transmitted IM subblock vector according to metric given in
line 5 of Algorithm 1. At this point, we deal with the probability
that the IM subblock ML detector detects the IM subblock vec-
tor el

m = [el
m (1), el

m (2), . . . el
m (um )] instead of dl

m . In such
cases, pairwise error probability (PEP) is used as a measure of
error performance. For a given channel realization, taking ac-
count of (3), the conditional PEP (CPEP) at the lth stage of the
mth subsymbol of ML-SIC receiver can be calculated as

P
(
dl

m → el
m |Rl

m

)
= P

(
‖ỹl

m −Rl
mdl

m‖
2

> ‖ỹl
m −Rl

mel
m‖

2
)

(4)

where ỹl
m , dl

m , and el
m are um × 1 vectors, Rl

m is an um × um

upper triangular matrix. After some algebra, CPEP at the lth
stage of the mth subsymbol of ML-SIC receiver is obtained
as [7]

P
(
dl

m → el
m |Rl

m

)
= Q

⎛

⎝

√
‖Rl

m (dl
m − el

m )‖2
2σ2

w

⎞

⎠ (5)

where Q(x) is the Gaussian Q-function. Here, since the dis-
tribution of the entries of Rl

m are complicated, a semiana-
lytical approach can be used to obtain a tight unconditional
PEP (UPEP) approximation. In order to perform averaging
over Rl

m , T = 106 samples of Rl
m are generated as Rl

m (t),
t = 1, 2, . . . , T , and the UPEP at the lth stage of the mth sub-
symbol of ML-SIC receiver can be obtained as

P
(
dl

m → el
m

) ≈ 1
T

T∑

t=1

Q

⎛

⎝

√
‖Rl

m (dl
m − el

m )‖2
2σ2

w

⎞

⎠ (6)

for each signal-to-noise ratio (SNR) value. On the other hand,
P

(
dl

m → el
m

)
is also the probability of incorrect decision for

the transmitted IM subblock vector dl
m assuming no error at pre-

vious stages. Therefore, the probability that all the IM subblock
vectors are detected correctly can be shown as

PC =
M−1∏

m=0

Lm∏

l=1

(
1− P

(
dl

m → el
m

))
. (7)

TABLE I
COMPUTATIONAL COMPLEXITY OF THREE DIFFERENT RECEIVERS

As a result, the probability of having at least one error in the
detected GFDM block can be expressed as

PE = 1− PC = 1−
M−1∏

m=0

Lm∏

l=1

(
1− P

(
dl

m → el
m

))
. (8)

Equation (8) is referred as BLER and can be upper bounded
by [8]

PE ≤
M−1∑

m=0

Lm∑

l=1

P
(
dl

m → el
m

)
. (9)

V. COMPLEXITY AND OOB EMISSION ANALYSIS

Computational complexities of classical minimum mean-
squared error (MMSE) based joint detection and demodulation
(JDD) [3], ML-SIC and ML detectors are analyzed with respect
to the number of complex multiplications (CMs) and presented
in Table I. From Table I, it is observed that the detector with
the proposed ML-SIC technique has the lowest complexity. On
the other hand, in [9], an algorithm that exploits the block cir-
cularity of H̃ has been proposed to reduce the complexity of
the classical MMSE detector from cubic to squared order. The
application of the algorithm in [9] for GFDM-IM scheme and
further enhancements to ML-SIC technique is left for future
work.

In GFDM, each subcarrier is filtered individually using a
prototype filter. While filtering results nonorthogonality and in-
tercarrier interference, it reduces OOB emission. Since abrupt
signal changes between subsequent GFDM blocks cause high
OOB emission, in [10], a guard GFDM subsymbol insertion
into each block is proposed to achieve more smooth transitions.
In this case, OOB emission can be reduced further with a re-
duced spectral efficiency of (M−1)/M . Decrease in the spectral
efficiency can be compensated by increasing subsymbol count,
which leads to increased latency. As we will show in Section VI,
by applying sparse IM numerology to the edge GFDM subsym-
bols, transitions between GFDM blocks can be smoothed with-
out using guard subsymbol. From Fig. 2, it is observed that using
sparse IM numerology at the edge, GFDM subsymbols can re-
duce OOB emission with a moderate loss in spectral efficiency,
hence preventing an increased latency.

VI. NUMERICAL RESULTS

In this section, theoretical and Monte Carlo simulation results
for the proposed GFDM-IM scheme are presented for Rayleigh
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TABLE II
LOOKUP TABLE EXAMPLE FOR um = 4

multipath fading channels with extended pedestrian A chan-
nel model. Raised cosine filter with a roll-off factor (a) of 0.1
is used as a GFDM prototype filter. In order to obtain same
spectral efficiency, the following system parameters are consid-
ered: GFDM and plain GFDM-IM [3] schemes have M = 13
subsymbols and their first and last subsymbols are deactivated.
The proposed GFDM-IM scheme has M = 11 subsymbols and
its first and last subsymbols have sparse IM numerology with
um = 32, vm = 1. For inner GFDM subsymbols for both plain
GFDM-IM and the proposed GFDM-IM schemes, um is chosen
as 4, and vm is chosen as 2 and 3 for binary phase shift key-
ing (BPSK) and 4-QAM transmissions, respectively, and the
active subcarrier positions are determined using the lookup ta-
ble in Table II. A GFDM block includes 1 GFDM symbol and
an orthogonal frequency division multiplexing (OFDM) block
includes 11 OFDM symbols with K = 128, NCP = 32. Plain
GFDM-IM scheme uses classical MMSE detector as in [3],
and both the proposed GFDM-IM and the GFDM schemes use
ML-SIC detector.

Fig. 2 shows the OOB emission of classical and IM-based
GFDM and OFDM schemes for BPSK transmission for the
given system parameters. From Fig. 2, it is observed that smooth
transitions provided by sparse IM numerology yields 6 dB addi-
tional OOB emission suppression with respect to GFDM scheme
at the expense of reduced spectral efficiency. On the other hand,
while the proposed GFDM-IM scheme reduces OOB emission
suppression of GFDM and plain GFDM-IM schemes by ap-
proximately 20 dB at the same spectral efficiency, it provides
15% shortening of the symbol length and still provides 13-dB
OOB emission suppression with respect to OFDM. The OOB
emission suppression of the proposed GFDM-IM scheme can
be increased with more sparse subcarrier usage at the expense of
reduced spectral efficiency or increased latency. Consequently,
the proposed flexible IM numerology can provide an attractive
tradeoff among OOB emission, spectral efficiency, and latency,
and has significant advantages for fragmented spectrum usage.

Fig. 3 compares the uncoded BLER performance of the pro-
posed GFDM-IM scheme with the plain GFDM-IM scheme,

OFDM-IM scheme [11], as well as the classical GFDM and
OFDM schemes for BPSK transmission. Here, IM-only curves
belong to the bits conveyed by the indices of the active sub-
carriers and the spectral efficiency of the GFDM-IM schemes
are given by (P + G)/(N + NCP) [b/s/Hz]. From Fig. 3, for
a target BLER value of 10−3 , it is observed that the proposed
GFDM-IM scheme achieves 0.8 and 5 dB better BLER perfor-
mance than the plain GFDM-IM scheme [3] considering overall
and IM-only performances, respectively, at the same spectral
efficiency. Note that the ML-SIC detector provides a significant
improvement for IM-only transmission in terms of BLER and
this improvement can be exploited to provide different quality
of service classes. On the other hand, BLER performance gains
of the proposed GFDM-IM scheme with respect to OFDM-IM,
GFDM, and OFDM schemes are risen to 6, 8, and 14 dB, respec-
tively. According to Table I, the computational complexity of
the ML-SIC and the classical MMSE detectors required to im-
plement the receiver block of the proposed GFDM-IM scheme
are on the order of ∼O(5.6× 109) and ∼O(8.4× 109), re-
spectively. As a result, the ML-SIC technique provides 34%
less complexity with respect to the classical MMSE detector.
Fig. 4 shows the BLER performance for 4-QAM transmission.
From Fig. 4, it is found that the proposed GFDM-IM scheme
provides the similar BLER gains as in BPSK transmissions
with respect to other methods. The performance improvements
provided by the ML-SIC detector with respect to the classical
MMSE detector are the result of joint detection and GFDM-IM
demodulation. Besides, performance improvement of GFDM-
IM with respect to GFDM is the result of coding gain due to
enhanced distance spectrum of IM. For comparison, the theoret-
ical upper bounds obtained from (9) are also depicted in Figs. 3
and 4. As shown in Figs. 3 and 4, the theoretical upper bounds
become relatively tight with the simulation results as the SNR
increases.

VII. CONCLUSION

In this letter, a novel GFDM-IM scheme, which uses flexi-
ble IM numerology along with the near-optimum detector, has
been proposed. It has been shown that the proposed GFDM-IM
scheme achieves better error performance due to joint detection,
GFDM, and IM demodulation, and provides an interesting trade-
off among OOB emission, spectral efficiency, and latency. We
conclude that the near-optimum, flexible, multilayer GFDM-
IM scheme is a convenient PHY scheme for future wireless
networks. Our future works will focus on efficient detection
techniques and high mobility implementation.
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