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Abstract— Spatial modulation (SM) has been shown to be
a promising low-complexity alternative to the state-of-art
multiple-input multiple-output (MIMO) schemes due to its
novel transmission approach. This paper investigates the performance of SM-MIMO systems in the presence of two practical
undesirable effects, namely in-phase (I) and quadrature-phase
(Q) imbalance (IQI) and imperfect channel state information
(ICSI). An optimum maximum likelihood detection (MLD)
method is proposed to tackle the effects of self-interference and
signal distortion caused by IQI impairment by adapting the
traditional MLD technique in accordance with the asymmetric
characteristics of the IQI. More particularly, upper-bounds of
the closed-form average pairwise error probability (APEP) and
the average bit error rate (ABER) are derived for generalized
Beckmann fading channels. As erroneously interpreted channel
coefficients at the receiver (Rx) cause the error rate to increase
and the detection to fall short, Cramer-Rao bound, which is a
lower bound on the variance of the channel estimator, is utilized
to assess the estimation accuracy. The system performance is
evaluated by analytical derivations that are corroborated with
computer simulations. The obtained results show that ICSI and
IQI should be seriously considered while designing the future
SM-based wireless communication systems.
Index Terms— Cramer-Rao bound, generalized Beckmann fading, I/Q imbalance, optimal ML detection, spatial modulation.
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I. I NTRODUCTION
HE 5th generation (5G) and beyond of wireless networks
are expected not only to provide enormous bandwidth
and ultrahigh data rates with considerably lower latency (less
than 1 millisecond), but also enable a variety of new applications such as Internet of Things (IoT), humanoid robots and
connected autonomous cars [1]. The report of the International
Telecommunications Union (ITU) on the minimum requirements for International Mobile Telecommunications-2020
(IMT-2020) specifies a downlink peak data rate of 20 Gbps
and a bandwith of at least 100 MHz [2]. Hence, novel physical
layer (PHY) techniques are required to meet the demands
of 5G and beyond. Although some effective PHY solutions
such as millimeterwave (mmWave) communications, massive
multiple-input multiple-output (MIMO) systems and flexible
waveform designs have already been proposed, researchers
are still interested in exploring innovative ways to convey
information instead of traditional methods [3].
Index modulation (IM) techniques, which utilize the indices
of the building blocks (e.g., transmit antennas, subcarriers,
radio frequency (RF) mirrors, transmit light emitting diodes
(LEDs), and so on) of the corresponding communication
systems to transmit additional information bits, seem to be
competitive candidates for next-generation wireless networks
due to the advantages they promise in terms of spectral and
energy efficiency as well as hardware simplicity [3], [4].
Introducing spatial modulation (SM), a member of the IM
family, hence opened a door for alternative radical digital
modulation schemes.
SM has been proposed as a novel transmission technique
and uses transmitter (Tx) antenna indices as extra information
sources for low-complexity and power-efficient applications
of MIMO wireless systems [5]. In particular, it has been
shown that SM is an excellent solution for main drawbacks
of MIMO systems, including inter-channel interference (ICI),
inter-antenna synchronization, and multiple RF chains at the
Tx [6]. The basic idea of SM is to map a block of information
bits into two units: i) a symbol chosen from a complex
signal constellation diagram, and ii) a unique Tx-antenna
index chosen from the set of a Tx-antenna array. This simple yet effective encoding mechanism provides a one-to-one
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mapping between blocks of information bits to be transmitted
and the spatial positions of the Tx-antennas in the antenna
array [6], [7].
Hence, SM takes advantage of the location-specific characteristic of the wireless channel, i.e., the uniqueness of each
Tx-Rx wireless link, for transmission [8]. It is known that SM
can achieve better performance than traditional modulation
schemes when the Rx has perfect channel state information
(CSI) [9], [10]. A comprehensive survey on the SM system
design and history was presented in [11] and [12]. Although
SM is a promising technique for next-generation communication systems [13], [14], research in this field is still in its
infancy and fundamental issues still need to be addressed to
assess the possible applications of this technology in practical
scenarios.
A. Related Works
The performance of SM-based MIMO systems has been
extensively studied in the literature over Rayleigh, Rician,
and Nakagami fading channels [15]–[17]. A comprehensive
framework for the analysis of SM-MIMO over generalized
fading channels was proposed in [18]. An analytical approach
to the performance of SM and its simplified version, namely
space shift keying (SSK), over Rayleigh flat fading channels in
the presence of channel estimation error was developed in [19]
and [20], respectively. An exact and closed-form expression of
the average pairwise error probability (APEP) of SM and SSK
over generalized α − μ and κ − μ fading channels under the
effect of imperfect CSI (ICSI) was derived in [21] and [22],
respectively.
Although all aforementioned works assume ideal transceiver hardware, physical transceivers are affected by hardware
impairments, such as phase noise and I/Q imbalance (IQI),
that create distortions which degrade the performance of the
communication systems [23]. For IoT and wearable devices,
the IQI will be even more influential due to the use of
cost-constrained analog components, such as mixers and phase
shifters in their RF front-ends [24]. A dual-hop amplify-andforward (AF) relaying system in the presence of IQI was
analyzed and the destructive effects of IQI were addressed via
maximum likelihood (ML) detection-based methods in [25].
The performance of underlay cognitive radio networks, which
consider the effect of IQI, was studied in [26], and it was
shown that the distorting effects of IQI is maximized in the
case of ICSI.
On the other hand, SM becomes more attractive to be used
against IQI effects as it outperforms single-input multipleoutput (SIMO) systems with IQI [24]. Considering this,
the effect of IQI on SM-based MIMO transmission was
discussed in [27], and it was observed that both amplitude
and phase IQI cause performance degradation for SM-based
transmission. An optimal ML detector (MLD) was proposed
and compared with a non-optimal Rx over Rayleigh fading
channels in [28]. The joint impact of hardware imperfections
and co-channel interference (CCI) on SSK-MIMO systems
was investigated, and a closed-form expression of average
BER (ABER) was derived for Rayleigh channels in [29].
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The performance of pilot-aided estimation and data detection for MIMO systems was firstly investigated in [30], and
Cramer-Rao lower bound (CRLB), which is a performance
criterion that gives a lower bound to the mean square error
of estimation in the set of unbiased estimates, was compared
for different pilot insertion schemes. Then, the principle of
CRLB was adapted for SM-based systems, and in order to
assess the channel estimation accuracy, CRLB was computed
for cognitive SM-MIMO systems with channel imperfections
over Rayleigh fading channels in [31].
B. Motivation
It is an undeniable fact that estimation errors have destructive effects on the performance of wireless communication
systems, including SM-based models [32]. Whether or not SM
is more sensitive to channel imperfections than conventional
systems has been a topic frequently discussed, since correct
reception depends entirely on the uniqueness of channel coefficients and wrong estimation of CSI at Rx causes a BER
increment [33], [34]. The studies in literature of SM-MIMO
that considers ICSI either did not take into account the effect
of any hardware impairments [21], [22], or only realized over
Rayleigh fading channels [20], [31], [33], [34].
The generalized Beckmann distribution is a versatile multipath fading model that includes Rayleigh, Ricean, Beckmann,
Hoyt (also known as Nakagami-q), single-sided Gaussian,
κ−μ and Beaulieu-Xie distributions as special cases [35], [36].
Unlike other state-of-the-art envelope fading models,
the impact of imbalances in the line-of-sight (LOS) and
non-LOS (NLOS) components is considered simultaneously
in generalized Beckmann fading [37]. Hence, this model
effectively captures the correlation between the amplitude
and phase [37]. It has a wide range of applications in RF
communications, underwater wireless optical communications
and free-space optical (FSO) communications [36], [38], [39].
However, the performance analyses involving Beckmann
distribution are challenging since deriving the closed-form
probability density function (PDF) and cumulative density
function (CDF) of Beckmann distribution with unequal
variances of the I/Q components is still an open problem [40].
The performance of SM-MIMO wireless communication
systems has not been studied over generalized Beckmann
fading channels yet, either.
IQI, as another practical key parameter that affects the system performance, has not been investigated comprehensively
in the studies on SM-based MIMO communication systems.
Only Rx-side IQI was introduced in [27] and [28], while only
Tx-side IQI was considered in [24], assuming perfect CSI for
SM wireless communication systems. However, as some of
the information bits are transmitted with the active antenna
indices, both Tx- and Rx-side IQI have destructive effects on
the detection procedure of SM [41]. Hence, the consideration
of the IQI effect only at Tx/Rx side is not enough to interpret
this impairment for SM.
The lack of studies on SM-MIMO systems under the joint
impact of transceiver IQI and ICSI motivates our work. This
study fills in the gap by analytically evaluating the error
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The scheme of SM-MIMO wireless communication system employing a synchrodyne architecture transceiver under the effect of IQI.

performance of SM-MIMO systems while jointly taking into
account those critical factors. Moreover, utilizing CRLB has
provided correct estimation of CSI, and analyzing the system
performance over generalized Beckmann fading channels has
shed light on studies in this field.
C. Contributions
Motivated by the aforementioned factors, the contributions
of this paper can be summarized as follows:
• This study investigates the error performance of
SM-MIMO wireless communication systems over generalized Beckmann fading channels.
• The APEP performance of SM-MIMO wireless communication systems has been presented under the joint effect
of IQI and channel impairments. The results are obtained
via analytical derivations and computer simulations.
• The open problem of deriving a closed-form to the
APEP over generalized Beckmann fading channels for
SM-MIMO communication systems has been addressed
with an upper-bound by an optimal MLD solution. Additionally, an asymptotic analysis has been conducted to get
insightful findings on the impact of key parameters.
• Analytical expressions of CRLB that is specific for
SM-MIMO systems have been derived for predicting and
evaluating channel estimation accuracy in the presence
of IQI.
Organization: The system model of SM-MIMO under
the joint effect of transceiver IQI and ICSI is presented
in Section II, and the optimal MLD method is given in
Section III. Average and asymptotic error probability are
presented in Section IV, while numerical results are provided
in Section V. Finally, the study is concluded in Section VI.
Notation: Bold lower and upper case letters denote vectors
and matrices, respectively. (·)T and (·)−1 indicate matrix
transpose and matrix inverse operations. N (μ, σ 2 ) represents
real Gaussian distribution with mean μ and variance σ 2 . (·)I
and (·)Q denote the I and Q components. (·)∗ is the complex
conjugate and (·)H denotes the transpose conjugate, while
E{·} denoting the expectation. {z} stands for the real part
of the complex variable z, and Pr{·} denotes the probability
of an event.

incoming data bit stream q is divided into blocks containing
m = log2 (Nt M ) bits each (M is the modulation order of
complex constellations and Nt is the number of Tx antennas).
These blocks are further partitioned into two sub-blocks to
identify the spatial and the conventional modulation bits at
Tx side. Spatial bits determine a Tx antenna to switch on
for transmission and RF switch block assigns the modulated
signal to the activated Tx antenna. The signal passes through
an Nr × Nt sized generalized Beckmann fading channel H
(Nr is the number of Rx antennas), whose columns represent
the complex fading gain coefficients between the ith Tx
antenna and the Rx antennas as vectors, i.e., hi = hIi + jhQ
i
(i = 1, . . . , Nt ).
The transmitted signal also experiences additive white
Gaussian noise, n = nI + jnQ , which has zero-mean independent and identical I and Q parts, i.e., σn2 I = σn2 Q = σn2 /2.
The incoming signal to the Rx antenna is first amplified by a
low-noise amplifier (LNA), and quadrature mixing is applied
by two local oscillator (LO) signals. Afterwards, the signal
on each branch is passed through a low pass filter (LPF),
a power amplifier (PA) and an analog to digital converter
(ADC), respectively. Then, the I and Q parts of the baseband
signal are combined, and SM detector decides which symbol
has been sent and which Tx antenna has been used.
A. Generalized Beckmann Fading Model
Generalized expressions of the envelope and phase distributions for two jointly correlated Gaussian random variables (RVs) are of interest in various areas of communications
[42]. Thus, the real and imaginary parts of the entries of hi are
2
assumed to follow N (μI , σI2 ), and N (μQ , σQ
) distributions,
respectively, based on the generalized Beckmann distribution,
which considers the envelope of correlated Gaussian RVs
with arbitrary means and non-identical variances [36].1 The
correlation coefficient between hIl,i and hQ
l,i , which represents the I/Q parts of the corresponding channel coefficients
between ith Tx antenna and lth Rx antenna, can be calculated
from:
ρh =

E{(hIl,i − μI )(hQ
l,i − μQ )}
σI σQ

.

(1)

II. S YSTEM AND C HANNEL M ODELS

Note that this extensive channel model turns into the classical Beckmann envelope fading for ρh = 0, and the PDF is

The scheme of the utilized SM-MIMO wireless communication system, which employs a synchrodyne architecture
transceiver in the RF front-end, is given in Fig. 1. The

1 A generalized Beckmann RV was defined as the square root of the quadratic
sum of N correlated Gaussian RVs in [36]. In this study, the multipath fading
channel model is defined by assuming N = 2.
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written as given in (2), shown at the bottom of this page, [42].
Generalized Beckmann distribution is characterized by four
parameters2:
2
qB


σI2
2 ,
σQ

2
rB


μ2I
,
μ2Q

KB 

μ2I + μ2Q
2 ,
σI2 + σQ

2
.
ΩB  μ2I + μ2Q + σI2 + σQ
2
qB

(3)

Here, the parameters
and
indicate the power imbalance
between the I and Q parts of NLOS and LOS components,
respectively. KB denotes the ratio between the LOS and
NLOS power, and ΩB states the average received power. The
connection between the generalized Beckmann distribution
and the special cases included therein can be found in [37].
B. I/Q Imbalance Model
The I/Q mismatches mainly stem from the limited accuracy
of the analog components, such as capacitors and resistors [43]. On the Tx side, this impairment can occur at
the I/Q up-conversion step beside filters and digital-to-analog
converters (DAC). On the Rx side, it can emerge at the
down-conversion step as well as amplification and sampling
stages. For simplicity, all mismatches are referred to the
I/Q up- and down-conversion steps, which is typical in the
literature in this context [43]–[45]. Considering both Tx and
Rx IQI effects, the corresponding complex LO signals for Tx
and Rx sides can be written as follows, respectively [43]:
zT (t) = cos(ωL t) + jξT sin(ωL t + οT )
= G1 ejωL t + G2 e−jωL t ,

(5)

zR (t) = cos(ωL t) − jξR sin(ωL t + οR )
= K1 e−jωL t + K2 ejωL t ,

(6)

where ωL = 2πfL , while fL is the LO frequency; {ξT , οT }
and {ξR , οR } denote the total effective amplitude and phase
imbalances of the Tx and Rx sides, respectively. IQI parameters of Tx side (G1 , G2 ) and Rx side (K1 , K2 ) are given in
the form of:
1
1
(7)
G1 = (1 + ξT ejφT ), G2 = (1 − ξT e−jφT ),
2
2
1
1
K1 = (1 + ξR e−jφR ), K2 = (1 − ξR ejφR ). (8)
2
2
Note that for perfect I/Q matching, IQI parameters reduce
to ξT = ξR = 1 and οT = οR = 0◦ . Therefore, in this case,
it is clear that G1 = K1 = 1 and G2 = K2 = 0.
The effects of IQI can be modelled either symmetrical or
asymmetrical. In the symmetrical method, each arm (I and
Q) experiences half of the phase and/or amplitude errors,
while the I branch is assumed to be ideal and the errors are
literature, these parameters are given as q,r,K and Ω. In order to avoid
confusion with the other parameters in the paper, (·)B is added here to define
generalized Beckmann parameters.
2 In

hl,i

f|hl,i | (hl,i ) =
2πσI σQ 1 − ρ2h


0

2π

modelled in the Q branch in the asymmetrical method [46].
It can be easily verified that these two methods are equivalent.
The asymmetrical IQI structure is considered for the further
analyses in this study. In this case, the baseband representation
of the up-converted signal in the presence of Tx-side IQI is
given as:

(4)

2
rB


exp −

1
×
2(1 − ρ2h )
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x̃q = G1 xq + G∗2 x∗q .

(9)

Here, it is assumed that M -QAM modulation scheme is
utilized, and xq is the modulated baseband Tx signal under
perfect I/Q matching, where q ∈ {1, . . . , M }.
Considering the frequency independent IQI model in [47],
the received baseband signal at lth Rx antenna is given as
follows:
√
√
yl = K1 ( Ehl,i x̃q + nl ) + K2 ( Ehl,i x̃q + nl )∗ , (10)
where l = {1, . . . , Nr } and E is the transmitted signal energy.
(10) can be extended to the following by considering (9):
√
yl = E(K1 G1 hl,i + K2 G2 h∗l,i )xq + K1 nl
√
+ E(K2 G∗1 h∗l,i + K1 G∗2 hl,i )x∗q + K2 n∗l . (11)
As it√ is seen in (11), IQI causes a self-interference
effect, E(K2 G∗1 h∗l,i + K2 G∗2 hl,i )x∗q , beside distorting the
signal. In order to clarify the destructive effect of this selfinterference, assuming that symbols have unit-energy, average
signal-to-interference ratio (SIR) can be calculated by using
(11) as:
√
E{| E(G1 K1 hl,i + G2 K2 h∗l,i )|2 }
√
SIR =
E{| E(G∗1 K2 h∗l,i + G∗2 K1 hl,i )|2 }
=

2
|G1 K1 |2 + |G2 K2 |2 + 2{G1 G∗2 K1 K2∗ }(σI2 − σQ
)
.
∗
∗
2
2
2
2
|G2 K1 | + |G1 K2 | + 2{G1 G2 K1 K2 }(σI − σQ )
(12)

In the case of perfect I/Q matching, SIR has the ideal value
of SIR = ∞ as seen in Fig. 2. On the contrary, even very small
values of imbalance in gain, such as ξT = ξR = 0.05, or phase,
such as οT = οR = 2◦ , cause degradation of the SIR value.
Thus, IQI needs to be considered as an important drawback
of SM-MIMO wireless communication systems. On the other
side, it is clear from (12) that the relationship between the
variances of the I and Q components of the channel has
an effect on the SIR value. Considering Fig. 2, being the
2
, which gives the ratio between the variances
parameter qB
of the I/Q parts of the channel, inversely proportional to the
SIR value clarifies this effect.
C. Imperfect CSI Model
In practical MIMO systems, hl,i is not known at the Rx
side and a channel estimation algorithm is used to obtain the

hIl,i −μI
σI

2  Q


hl,i −μQ 2 2ρh (hIl,i −μI )(hQ
l,i − μQ )
−
−
dθ
σQ
σI σQ
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i) real and imaginary parts are correlated, ii) real and imaginary parts do not have the same variance (non-identical).
Hence, it is seen that ñ in (15) has correlated I/Q components,
since cov(ñIl , ñQ
l ) = 0, and the correlation coefficient can be
calculated form [28]:
ρñ =

cov(ñIl , ñQ
l )
.
σñIl σñQ

(16)

l

Although just having correlated components is enough to
remark that ñ is an improper Gaussian noise, the second
condition, being non-identical, is valid for it as well, since
the variance values of I and Q parts of ñ are calculated as
follows:
σn2
,
2
2
2
I
Q 2
= E[σe2I |Kc x̃Iq + Kd x̃Q
q | + σeQ |Kd x̃q − Kc x̃q |

2 2
I Q
I Q
σñ2 I = E[|x̃Iq |2 σe2I + |x̃Q
q | σeQ − 2E{el el }x̃q x̃q ] +
l

σñ2 Q
l

I
Q
I
Q
+2E{eIl eQ
l }(Kc x̃q +Kd x̃q )(Kd x̃q −Kc x̃q )]+

Fig. 2. SIR values given for IQI affected SM-MIMO system with fixed values
of phase imbalance (first column) and fixed values of amplitude imbalance
(second column).

estimated channel matrix H̃ [48]. It is assumed that the generalized Beckmann channel components, hl,i , and the estimated
versions of them, h̃l,i , are jointly ergodic and stationary.
Assuming that the actual channel and the estimation error
are orthogonal as well, a common estimation rule is considered, and given as [31], [49], [50]:
hl,i = h̃l,i − el ,

(13)

where el denotes the channel estimation error, which has correlated I and Q parts modeled as N 0, σe2I , and N 0, σe2Q
respectively. Here, it is worth noting that σe2 = E[|el |2 ] =
σe2I + σe2Q indicates the quality of the estimation and can be
chosen depending on the channel dynamics and estimation
methods [48], [51]. In this study, CRB method, which is
discussed in Section-D, has been utilized for estimation of
σe2I and σe2Q .
Considering (13), it can be seen that the estimated channel
coefficients have correlated I and Q parts with:
ρh̃ =

I Q
E{(hIl,i − μI )(hQ
l,i − μQ )} + E{el el }
2 + σ2 )
(σI2 + σe2I )(σQ
eQ

.

(14)

(10) can be rewritten by using (13) as follows:
√
y = E[K1 (h̃i − e)x̃q + K2 (h̃i − e)∗ x̃∗q ] + K1 n + K2 n∗
√
= E χ̃p + ñ.
(15)
∗ ∗
. . , m}, and the noise
Here χ̃p = K1 h̃i x̃q + K2 h̃√
i x̃q , p ∈ {1, .√
part of y equals to ñ = − EK1 ex̃q + EK2 e∗ x̃∗q + K1 n +
K2 n∗ .
At this point, note that if a complex Gaussian RV is
not circularly-symmetric, it is referred to as improper [52].
Improper characteristics of a complex Gaussian RV is based
on the existence of at least one of these two conditions:

2 2
ξR
σn
.
2
(17)

where Kc = K1Q + K2Q and Kd = K1I − K2I . Therefore,
the variances of I and Q parts of ñ are non-identical. Here,
it is worth nothing that the traditional MLD can not provide
an optimum solution since it has been derived by assuming
proper Gaussain noise characteristics.
D. Cramer-Rao Lower Bound (CRLB) of SM-MIMO
With IQI and ICSI
The CRLB is a performance criterion that gives a lower
bound to the variance of estimation error in a set of unbiased
estimates [30]. In this section, pilot symbols insertion is
introduced to perform channel estimation for coherent detection and an exact CRLB expression, which is used not only
to evaluate but also to predict the estimator performance,
is derived.
The exact Fisher information matrix (FIM) of the channel
estimation that measures the sensitivity of the channel model
to changes of hi [53], is given as [30]:


H 
∂ ln Py (ỹ; hi ) ∂ ln Py (ỹ; hi )
I(hi ) (hi ) = E
∂h∗i
∂h∗i


I(hIi ) I(hI ,hQ )
i
i
=
,
(18)
I(hQ ,hI ) I(hQ )
i

i

i

where Py (ỹ; hi ) is the likelihood function of the unknown
channel hi , which is also equal to the joint PDF of
Np obsevations based on an observation vector ỹ =
[y(1) y(2) . . . y(Np )]T , and I(hI ,hQ ) = I(hQ ,hI ) . In this
i
i
i
i
expression, I(hIi ) , I(hQ ) and I(hI ,hQ ) values are calculated as
i
i
i
follows for the proposed SM model:

2
(x̃Iq Kc + x̃Q
Np E (x̃Iq )2
q Kd )
I(hIi ) =
+
1 − ρ2η ση2I
ση2Q

2ρη x̃Iq (x̃Iq Kc + x̃Q
q Kd )
−
,
(19)
σηI σηQ
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2
2
(x̃Iq Kd − x̃Q
Np E (x̃Q
q )
q Kc )
+
1 − ρ2η ση2I
ση2Q

Q I
2ρη x̃q (x̃q Kd − x̃Q
q Kc )
−
,
(20)
σηI σηQ

Np E −x̃Iq x̃Q
q
=
1 − ρ2η
ση2I
I
Q
(x̃Iq Kd − x̃Q
q Kc )(x̃q Kc + x̃q Kd )
+
ση2Q

I
Q
I I
Q
ρη (x̃Q
q (x̃q Kc + x̃q Kd )+ x̃q (x̃q Kd − x̃q Kc ))
+
,
σηI σηQ
(21)

I(hQ ) =
i

I(hI ,hQ )
i

i

where NP is the number of pilot symbols, and ρη = − sin οR .
Details on the mathematical background to obtain these values
are given in Appendix-A.
CRLB matrix can be obtained by utilizing (18), and it
provides a lower bound for the covariance matrix of the
estimation error, which includes the variance values of the
real and imaginary parts, as follows:


E{eI eQ }
σe2I
=
CRLBi = [I(hi ) (hi )]−1
. (22)
i
E{eI eQ } σe2Q
III. O PTIMAL M AXIMUM L IKELIHOOD D ETECTOR D ESIGN
In this section, an optimal MLD design is introduced
for the presented SM-MIMO wireless communication system
operating under the effects of IQI and ICSI. The destructive
effects of these impairments are modeled as improper Gaussian
as mentioned in Section II-C, and this allows us to analyze the
asymmetric characteristics of the IQI accurately [54]. Since it
is proven that utilizing the improperness of the Gaussian noise
using MLD method leads to a decrease in the error probability
[55], the optimal MLD scheme is designed by considering
this phenomenon. Additionally, it is assumed that the IQI
parameters are known at the Rx-side during the formulation.
The joint multi-variate PDF of the real part and the imaginary part of the received signal, y, which is under the effect
of both Tx- and Rx-side IQI as well as ICSI, can be expressed
by using (15) as follows [28]:
fyI ,yQ (y I , y Q |χ̃p )

Nr
1

=
2πσñIl σñQ 1 − ρ2ñ
⎡
⎛ l
√
√
2
y I − E χ̃Ip 2
y Q − E χ̃Q
−1
p
⎣
× exp⎝
+
2(1 − ρ2ñ )
σñ2 I
σñ2 Q
l
l

√
√
2ρñ (y I − E χ̃Ip )T (y Q − E χ̃Q
p)
−
.
(23)
σñIl σñQ
l

Hence, the optimal MLD decision rule, assuming equiprobable symbols, can be defined by:
p̂ = arg max{fyI ,yQ (y I , y Q |χ̃p )}
p ⎧
√
⎨ y I − √E χ̃I 2
2
y Q − E χ̃Q
p
p
+
= arg min
p ⎩
σñ2 I
σñ2 Q
l
l
√
√
2ρñ (y I − E χ̃Ip )T (y Q − E χ̃Q
)
p
−
,
(24)
σñIl σñQ
l
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which jointly counts the error in Tx antenna indices and
symbols.
IV. E RROR P ERFORMANCE A NALYSIS
A. Average Pairwise Error Probability (APEP)
Considering the optimal MLD rule given in (24), the conditional pairwise error probability (PEP) can be calculated
from (25) under the assumption that χ̃p has been transmitted;
however, χ̂p is detected erroneously at the Rx side:

Pr (χ̃p → χ̂p |H̃
⎛
√
√
2
y Q − E χ̃Q
y I − E χ̃Ip 2
p
+
= Pr ⎝
σñ2 I
σñ2 Q
l
l
√
√
√
2ρñ (y I − E χ̃Ip )T (y Q − E χ̃Q
y I − E χ̂Ip 2
p)
−
>
σñIl σñQ
σñ2 I
l
l
⎞
√
√
√
2
I
I T
Q
Q
y Q − E χ̂Q
2ρ

(y
−
E
χ̂
)
(y
−
E
χ̂
)
ñ
p
p
p ⎠
+
−
.
σñ2 Q
σñIl σñQ
l

l

(25)
∗

ˆ
ˆ ˆ
ˆ ˆ∗
Here, χ̂p = K1 h̃i x̃
q +K2 h̃i x̃q and h̃i is the complex channel
coefficient related to detected Tx antenna that transmits the
detected signal x̃ˆq . After some algebraic simplifications, it is
obtained that:
√
Q
Q T I
2ρñ E{(χ̃Ip − χ̂Ip )T ñQ
l + (χ̃p − χ̂p ) ñl }
PEP = Pr
σñIl σñQ
√
√l
I
I T I
Q T Q
2 E(χ̃p − χ̂p ) ñl
2 E(χ̃Q
p − χ̂p ) ñl
−
−
σñ2 I
σñ2 Q
l

Q 2
Eχ̃Ip − χ̂Ip 2
Eχ̃Q
p − χ̂p 
−
−
2
2
σñI
σñQ
l

l

l

T

Q
2ρñ E χ̃Ip − χ̂Ip (χ̃Q
p − χ̂p )
+
>0
σñIl σñQ
l
= Pr(G > 0),



(26)

where G, conditioned on χ̃p , is a Gaussian RV. Now, PEP can
be defined by using the mean, μG , and variance, σG2 , values
of the G, and the well-known Q-function3 as:


 
μG
E{G}
PEP = Q 
=Q
.
(27)
σG
var(G)
Here, μG and σG2 are obtained respectively as follows:
⎛
Q 2
Eχ̃Ip − χ̂Ip 2
Eχ̃Q
p − χ̂p 
μG = ⎝
+
2
2
σñI
σ Q
ñl
l

I
I T
Q
2ρñ E χ̃p − χ̂p (χ̃p − χ̂Q
p)
−
,
(28)
σñIl σñQ
l
⎛
Q 2
χ̃Ip − χ̂Ip 2
χ̃Q
p − χ̂p 
+
σG2 = 4E(1 − ρ2ñ ) × ⎝
2
2
σñI
σñQ
l
l

T
Q
2ρñ χ̃Ip − χ̂Ip (χ̃Q
−
χ̂
)
p
p
−
.
(29)
σñIl σñQ
l

3 Q(x)

is defined as Q(x) =

√1
2π

Ê∞
x

e−t

2

/2 dt.
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Substituting (28) and (29) in (27), the conditional PEP can
be given as in (30), shown at the bottom of this page. Although
the average PEP (APEP) can be defined by using the expected
value of the PEP expression of (30) as given in (31), it is not
relatively easy to find fγ (γ), which is the PDF of γ, in the
following expression:


Eγ
APEP = E Q
4(1 − ρ2ñ )


∞

Eγ
Q
(31)
fγ (γ)dγ.
=
4(1 − ρ2ñ )
−∞

Therefore, the moment generating function4 (MGF),
which provides an alternative solution instead of using the
Q-function, is utilized to find APEP in this study. In order to
define the MGF of γ, (30) can be simplified as:
⎛
⎛
⎞⎞
T
2
2
E
⎜
⎝ ζ1  + ζ2  − 2ρñ ζ1 ζ2 ⎠ ⎟
PEP = Q ⎝!
⎠,
4(1−ρ2ñ)
σñ2 I
σñ2 Q
σñIl σñQ
l

l

l

(32)
where γ =

ζ1 
σ2 I
ñ

2

l

+

2

ζ2 
σ2 Q
ñ

−

l

2ρñ ζ1T ζ2
σñI σ Q
l ñl

, ζ1 = (χ̃Ip − χ̂Ip ) and

Q
ζ2 = (χ̃Q
p − χ̂p ), while ζ1 and ζ2 follow N (μ1 , υ1 ) and
N (μ2 , υ2 ), respectively. Here, it should be noted that if the
value of error variance is adjusted as proportional to 1/E in
(17), the effect of error variance on the PEP in (32) would be
cancelled. In other words, the denominator in (32) decreases
in this case, since the transmitted energy increases, thereby
decreasing the error probability.
The mean values of ζ1 and ζ2 are calculated as:
Q
ˆQ
μ1 = μI (x̃Iq − x̃ˆIq ) + μQ (x̃
q − x̃q ),
ˆI
ˆQ
μ2 = μI (Kc x̃Iq + Kd x̃Q
q − Kc x̃q − Kd x̃q )
I
Q
I
ˆQ
+μQ (Kd x̃q − Kc x̃q − Kd x̃ˆq + Kc x̃
q ).

4 Assuming that γ equals to the SNR of any γ, MGF of γ, stated by
M, can be utilized as an alternative
representation of Q-function as follows:
Ê∞
Ê π2
γ
1
−∞ Q(γγ)fγ (γ)dγ = π 0 M (− 2 sin2 θ )dθ.

⎜
PEP = Q ⎝!

E
4 (1 − ρ2ñ )

χ̃I
⎝ p

χ̂Ip 2

−
σñ2 I
l

⎛
APEP ≤

1⎜
⎜
2⎝

+

χ̃Q
p

2
2
Q 2
ˆIq |2 )+(σQ
ˆQ
υ1 = (σI2 + σe2I )(|x̃Iq |2 +|x̃
+ σe2Q )(|x̃
q | + |x̃q | )
ˆI ˆQ
−2E{h̃Il,i h̃Q }(x̃Iq x̃Q
q + x̃q x̃q )
l,i

2
ˆI
ˆQ 2
υ2 = (σI2 + σe2I )(|Kc x̃Iq + Kd x̃Q
q | + |Kc x̃q + Kd x̃q | )
2
2
ˆI
ˆQ 2
+(σQ
+ σ 2Q )(|Kd x̃Iq − Kc x̃Q
q | + |Kd x̃q − Kc x̃q | )
e
I Q
+2E{h̃l,i h̃l,i }

I
Q
× [(Kc x̃Iq + Kd x̃Q
q )(Kd x̃q − Kc x̃q )
ˆIq +Kdx̃ˆQ
ˆI
ˆQ
+(Kc x̃
q )(Kd x̃q −Kc x̃q )]. (35)

Noting that γ is a linear combination of two correlated
noncentral chi-squared RVs with one degree of freedom, γ can
be written in a quadratic form of Gaussian RVs, which is
given in more detail in Appendix B. Thus, the MGF of
γ is given as follows under the assumption of independent
channels [56]:
# 2
# 2

 ⎞Nr
b1 λ1 t
b2 λ2 t
exp
exp 1−2λ
t
1−2λ
t
1
2
⎠ ,
× √
Mγ (t) = ⎝ √
1 − 2λ1 t
1 − 2λ2 t
⎛

2
χ̂Q
p

−
σñ2 Q
l



ρ2ñ ) exp

−

(36)

where b1 and b2 are the mean values and λ1 and λ2 are the
eigenvalues all calculated based on the covariance matrix of
ζ1 and ζ2 , and given in Appendix B.
In light of this information, the APEP can be calculated
analytically by using (36) from:

(33)

2
Q 2
ˆQ
υ1 = (σI2 + σe2I )|x̃Iq − x̃ˆIq |2 + (σQ
+ σe2Q )|x̃
q − x̃q |
Q
Q
ˆIq )(x̃
ˆQ
+2E{h̃Il,i h̃l,i }(x̃Iq − x̃
q − x̃q )

⎛

Case 2: i = î

APEP = Pr (χ̃p → χ̂p ) =

Representing î as the index of the detected Tx antenna, which
is used to convey the modulated signal, the variance values υ1
and υ2 are obtained depending on two cases:
Case 1: i = î

⎛

ˆIq ) + Kd (x̃Q
ˆQ 2
υ2 = (σI2 + σe2I )|Kc (x̃Iq − x̃
q − x̃q )|
2
Q 2
ˆQ
+(σQ
+ σe2Q )|Kd (x̃Iq − x̃ˆIq ) + Kc (x̃
q − x̃q )|
I Q
I
I
Q
ˆq ) + Kd (x̃q − x̃
ˆQ
+2E{h̃l,i h̃l,i } × [Kc (x̃q − x̃
q )]
I
I
Q
Q
ˆ
ˆ
(34)
×[Kd (x̃q − x̃q ) + Kc (x̃q − x̃q )]

1
π


0



π
2

Mγ


−E
dθ.
8(1 − ρ2ñ ) sin2 θ
(37)

This integral can be easily solved via numerical methods.
Furthermore, considering the maximum value of sin2 θ = 1
[57, p. 230], this integration can be upper-bounded as:


−E
1
APEP ≤ Mγ
.
(38)
2
8(1 − ρ2ñ )
Consequently, a closed-form upper-bound, as given in (39),
shown at the bottom of this page, is obtained by using
(36) and (38).

2ρñ χ̃Ip

T
χ̂Ip

(χ̃Q
p

−
σñIl σñQ

−

χ̂Q
p)

l

b21 λ1 E
2 )+2λ E
8(1−ρñ
1

b22 λ2 E
2 )+2λ E
8(1−ρñ
2

8(1 −
−
−

[8(1 − ρ2ñ ) + 2λ1 E][8(1 − ρ2ñ ) + 2λ2 E]

⎞⎞

⎟
⎠⎠ = Q

Eγ
4(1 − ρ2ñ )


(30)

⎞
⎟
⎟
⎠

(39)
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B. Asymptotic Analysis
Assuming E
1, an asymptotic APEP is provided by
utilizing (36) and (37) as follows:

N r  π
b2 +b2
2
exp(− 1 2 2 )
1
√
APEPasy =
(sin θ)2Nr dθ.
2
π [E/4(1 − ρñ )] λ1 λ2
0
(40)
This expression proves that APEP depends on the number
of Rx antennas, the mean values based on the generalized
Beckmann fading channel, the energy of the transmitted signal,
the correlation between the I/Q parts of the improper Gaussian
noise and the eigenvalues that calculated based on the covariance matrix of ζ1 and ζ2 .
$π
Considering that B(Nr + 12 , 12 ) = 2 02 (sin θ)2Nr dθ
Γ(Nr + 12 )Γ( 12 )
[58, Eq. 8.308(2)] and B(Nr + 12 , 12 ) =
√ Γ(Nr +1)1
$π
π Γ(N + )
[58, Eq. 8.384(1)], one has 02 (sin θ)2Nr dθ = 2Γ(Nr r+1)2 ,
where B(·, ·) and Γ(·) are the Beta function and the Gamma
function, respectively. Considering
√ also that Γ(Nr + 1) = Nr !
1
r −1)!!
[59, Eq. 1.1.7] and Γ(Nr + 2 ) = π(2N
[60, p.509], (40)
2Nr
can be rewritten as:

−Nr
E
,
(41)
APEPasy = Ξ
4(1 − ρñ )

Nr
b2 +b2
exp(− 1 2 2 )
(2Nr −1)!!
√
where Ξ = 2Nr +1 Nr !
can be calculated
λ λ
1

2

E
as a constant value, and 4(1−ρ
is equal to signal-to-noise
ñ )
ratio (SNR) that can be seen in (30).
Now, the diversity gain can be calculated from:

g=−

log(APEPasy )
.
SNR→∞
log(SNR)
lim

(42)

Substituting (41) in (42) proves that the diversity gain is equal
to the number of Rx antennas, Nr , while the error variance
decreases with the energy, as such in the case of perfect I/Q
match.
C. Average Bit Error Rate
After the evaluation of the APEP, the ABER of the proposed
scheme can be given under the assumption of equiprobable
symbols by using well-known tight union bound method as
follows [28]:
m

m

2
2
1 % % Pr (χ̃p → χ̂p ) en,k
,
ABER ≤ m
2 n=1
m

(43)

k=1
n=k

where en,k is the number of bit errors relevant to the corresponding pairwise error event.
V. N UMERICAL R ESULTS
In this section, the joint effect of IQI and ICSI on the performance of the SM-MIMO wireless communication system
is evaluated over generalized Beckmann fading channels by
using the proposed optimal MLD design through computer
simulations and analytical derivations. It is assumed that at
least 5 × 105 symbols have been transmitted for each SNR

Fig. 3. APEP results of the proposed optimal MLD design for SM system
2 = 0.01, r 2 =
under the effect of CSI impairment with perfect I/Q match (qB
B
0.09, KB = 0.5, ρh = 0.9).

value, which is defined as E/σn2 , between 0 − 30 dB. 4-QAM
modulation scheme is utilized on SM wireless communication
system with one Rx antenna because of the simplicity, unless
otherwise stated; however, all results can be generalized for
any number of Rx antennas and higher order modulation
schemes.
First of all, the APEP results are given for the SM wireless
communication system under the effect of only ICSI impairment assuming ideal hardware in Fig. 3. It is observed that
even very small values of the channel estimation error have
significant destructive impacts on the system performance. For
instance, approximately a 7 dB power loss as well as an error
floor are observed while APEP = 4 × 10−3 for the estimation
error value of just σe2 = 0.01. On the other side, it can be
noted that variable channel estimation (σe2 = 1/SNR) instead
of constant values solves the error floor problem. However,
this is not a complete solution since deterioration effect is
not avoided, e.g., still ∼ 6 dB power loss is seen while
APEP = 2 × 10−4 compared to perfect CSI case.
The effect of IQI on the APEP performance can be analyzed
by Fig. 4, which is given under the assumption of perfect
CSI. In this figure, the results are presented for the varying
values of amplitude imbalance between 0.5 to 1, and phase
imbalance among 0◦ to 15◦ . Although it is clear that both
amplitude and phase imbalance cause deterioration compared
to the ideal case, i.e. ξT = ξR = 1 and οT = οR = 0◦ ,
it is observed that an imbalance in phase has minor effects on
the system performance, since changing οT = οR = 10◦ to
οT = οR = 15◦ for fixed value of ξT = ξR = 0.5 provides
almost the same results.
Fig. 5 is given to analyze the joint effect of IQI and ICSI on
the APEP performance. It is observed that boosting the effect
of estimation error by changing the variance of the error from
σe2 = 0.01 to σe2 = 0.03 for the fixed values of ξT = ξR = 0.9
and οT = οR = 5◦ , results in a remarkable signal distortion. Contrary to this, increasing the IQI effect by changing
ξT = ξR = 0.9 and οT = οR = 5◦ to ξT = ξR = 0.5
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Fig. 4. APEP results of the proposed optimal MLD design for SM system
2 = 0.01, r 2 = 0.09, K
under the effect of IQI with perfect CSI (qB
B =
B
0.5, ρh = 0.9).

Fig. 6. APEP results of SM with CRLB under the joint effect of IQI and
2 = 0.01, r 2 = 0.09, K
imperfect CSI (qB
B = 0.5, ρh = 0.9, ξT = ξR =
B
0.9 and φT = φR = 5◦ ).

Fig. 5.
APEP results of the proposed optimal MLD design for SM
2 = 0.01, r 2 =
system under the joint effect of IQI and imperfect CSI (qB
B
0.09, KB = 0.6, ρh = 0.9).

Fig. 7. APEP results of SM wireless system with CRLB under the joint
effect of IQI and imperfect CSI (KB = 1, ξT = ξR = 0.9, φT = φR =
5◦ , NP = 2).

and οT = οR = 10◦ for fixed σe2 also impairs the system
performance; however, this degradation impact is less than the
one caused by the estimation error.
Considering both Figs. 3 and 5, it is easy to say that
estimation at the Rx-side is very important for SM-MIMO
systems over generalized Beckmann channels. Thus, in order
to decrease the deterioration arising from estimation errors,
CRLB, which calculates a lower bound for σe2 , is utilized for
the proposed system. The positive effect of using CRLB is
proven with Fig. 6, since the error floor observed for fixed
values of σe2 in Figs. 3 and 5, is eliminated. Moreover, considering this figure, it can also be demonstrated that increasing
the number of pilot symbols used in CRLB improves the APEP
results as well. For instance, using 10 pilot symbols instead
of 1 provides ∼ 3 dB gain in power when APEP = 10−4 .
The effect of the characteristic properties of the generalized
Beckmann fading parameters on the system performance is
clarified with Fig. 7. As seen from this figure, increasing
the correlation between the real and imaginary parts of the

channel coefficients by changing ρh from 0.1 to 0.7, provides
1 dB gain in power. The ascending imbalance between the
2
= 0.25 to
mean (rB = 0.1 to rB = 0.5) and variance (qB
qB = 0.81) values of the real and imaginary parts of the
channel coefficients also gives approximately 2 dB and 3 dB
better results. The effect of the parameter KB , which stands for
the ratio between the summation of the means and variances
of I/Q parts of the channel coefficients, can be interpreted by
comparing Figs. 4 and 5 for ξT = ξR = 0.9, οT = οR = 5◦
case. Considering ∼ 2 dB power gain provided with KB =
0.6 in Fig. 5 as compared to KB = 0.5 case in Fig. 4,
it can be understood that increasing KB improves the APEP
performance as well.
Finally, Fig. 8 is given not only to show that the proposed
design is applicable for higher order modulation schemes,
i.e., higher data rates, but also to prove that the diversity
gain is equal to the number of Rx antennas. Using 16−QAM
instead of 4−QAM increases the data rate from 3 bps/Hz to
5 bps/Hz; however, it decreases the SNR around 3 dB for both
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Expanding (10), ylQ and ylI can be obtained as follows,
respectively:
√
Q
I
Q
ylQ = E[hIl,i (x̃Iq Kc + x̃Q
q Kd ) + hl,i (x̃q Kd − x̃q Kc )]
+KcnIl + Kd nQ
l
√
Q
I
ylI = E(hIl,i x̃Iq − hQ
l,i x̃q ) + nl .

Fig. 8. APEP results of 2 × 1 and 2 × 2 SM wireless systems with CRLB in
the presence of both IQI and imperfect CSI for different modulation schemes
2 = 0.01, r 2 = 0.01, K
(qB
B = 0.5, ρh = 0.1, ξT = ξR = 0.9 and
B
φT = φR = 5◦ , NP = 10).

2 × 1 and 2 × 2 configurations. Considering APEP = 10−2
case, 2 × 2 SM structure doubles the power of 2 × 1, which
proves the comment on diversity gain. The accuracy of the
asymptotic analysis could also be proved by considering Figs.
7 and 8 together, since the analytical and simulation results
are in perfect agreement with the asymptotic results. During
2
= 1. Considering
the simulations, it is assumed that σI2 + σQ
this case beside (3) and (4), the effect of the parameters KB
and ΩB would be parallel.
VI. C ONCLUSION
The destructive effects of IQI, which are highlighted in
terms of SIR, as well as channel estimation error on the
performance of SM-MIMO wireless communication system
have been addressed via computer simulations and analytical
derivations in this study. An upper-bound of the closed-form
of APEP has been derived for the proposed optimal MLD
method, and the performance results have been obtained
over generalized Beckmann fading channels, which has been
considered as the first time for SM-MIMO systems. The
obtained results point out that both IQI and ICSI are major
drawbacks for SM-MIMO systems, and the proposed optimal
MLD design successfully mitigates the destructive effects of
them. A further performance improvement has been achieved
by utilizing CRLB for the channel estimation process. As
increasing data rates cost more performance degradations,
the effects of IQI has to be considered seriously while designing next-generation wireless systems. Future work can focus
to the extention of the presented analysis to more challenging
propagation environments and frequency-domain effects of
IQI, while also extending the work towards cooperative MIMO
systems offers an interesting topic for future studies.
A PPENDIX A
CRLB FOR SM-MIMO S YSTEM
The received signal at the Rx side, yl , can be written in the
form of:
yl =

ylI

+

jylQ .

(44)

(45)

Here, the noise parts of ylI and ylQ are given as η I = nIl
and η Q = Kc nIl + Kd nQ
l of which the variance values are
2 2
calculated as ση2I = σn2 /2 and ση2Q = (ξR
σn )/2, respectively.
In light of this information, the joint PDF of ylI and ylQ
is obtained as in (46), shown at the top of the next page.
Considering this PDF, the likelihood function is also written
as given in (47), shown at the top of the next page. In order
to find the CRLB matrix, the log-likelihood function, which
is necessary to get the values of I(hIi ) , I(hQ ) and I(hI ,hQ ) of
i
i
i
FIM in (18), is achieved as (48), shown at the top of the next
page, while the second derivative of ln(Py (ỹ; hi )) is given in
(49), shown at the top of the next page. Now, the value of
I(hIi ) can be calculated by using the derivation in (49) from:

∂ 2 (ln(Py (ỹ; hi )))
I(hIi ) = −E
.
(50)
∂(hIl,i )2
Substituting (49) in (50) ends up with (19). Similarly, I(hQ )
i
and I(hI ,hQ ) , which is equal to I(hQ ,hI ) , can be calculated by
i
i
i
i
utilizing the derivations in (53) and (54), shown at the top of
the next page, in the following expressions, respectively:

∂ 2 (ln(Py (ỹ; hi )))
I(hQ ) = −E
,
(51)
i
2
∂(hQ
l,i )

∂ 2 (ln(Py (ỹ; hi )))
.
(52)
I(hI ,hQ ) = −E
i
i
∂hIl,i ∂hQ
l,i
Using these values in (22) gives the CRLB matrix.
A PPENDIX B
MGF OF Q UADRATIC F ORM C ORRELATED N ONCENTRAL
C HI -S QUARED D ISTRIBUTION
Linear combination of two correlated noncentral chi-squared
RVs with one degree of freedom, γ, can be written in a
quadratic form of Gaussian RVs as follows [56]:
γ = δ T Aδ =

2
%

λj (Uj + bj )2 ,

(55)

j=1

where Uj represents independently
' distributed standard normal
&
variables and δ T = ζ1 ζ2 . λj are the eigenvalues of
1
1
Ο 2 AΟ 2 , where Ο is the covariance matrix of ζ1 and ζ2 , and
A is given as:
√
⎤
⎡
−ρ υ1 υ2
υ1
⎢ σ2 I
σñIl σñQ ⎥
ñ
⎥
⎢
l
A = ⎢ −ρ√υl υ
(56)
⎥.
υ2
1 2
⎦
⎣
σñIl σñQ
σñ2 Q
l

l

1

Additionally, in (48), (b1 , b2 ) ≡ b = LT Σ− 2 μ is the
reorganized mean vector where (μ1 , μ2 ) ≡ μ is the mean
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fyl (ylI , ylQ )

1

=



−1
× exp
2(1 − ρ2η )
1 − ρ2η



|ylI −

√

Q 2
E(hIl,i x̃Iq − hQ
l,i x̃q )|

ση2I
2πσηI σηQ
√
Q
I
Q
2
|ylQ − E[hIl,i (x̃Iq Kc + x̃Q
q Kd ) + hl,i (x̃q Kd − x̃q Kc )]|
+
ση2Q

√
√
Q
Q
Q
I
Q
E[hIl,i (x̃Iq Kc + x̃Q
2ρη [ylI − E(hIl,i x̃Iq − hQ
q Kd ) + hl,i (x̃q Kd − x̃q Kc )]}
l,i x̃q )]{yl −
. (46)
−
σηI σηQ
⎞Np
⎛
⎡
√
Np −1  I
Q 2
% |yl − E(hIl,i x̃Iq − hQ
1
−1
l,i x̃q )|
⎠ × exp ⎣
Py (ỹ; hi ) = ⎝
2(1 − ρ2η ) r=0
ση2I
2πσηI σηQ 1 − ρ2η
√
Q
I
Q
2
|ylQ − E[hIl,i (x̃Iq Kc + x̃Q
q Kd ) + hl,i (x̃q Kd − x̃q Kc )]|
+
ση2Q

√
√
Q
Q
Q
I
Q
2ρη [ylI − E(hIl,i x̃Iq − hQ
E[hIl,i (x̃Iq Kc + x̃Q
q Kd ) + hl,i (x̃q Kd − x̃q Kc )]}
l,i x̃q )]{yl −
−
.
(47)
σηI σηQ

√
Q 2
|ylI − E(hIl,i x̃Iq − hQ
N
p
l,i x̃q )|
×
ln(Py (ỹ; hi )) = −Np ln(2πσηI σηQ 1 − ρ2η ) −
2(1 − ρ2η )
ση2I
√
Q
I
Q
2
|ylQ − E[hIl,i (x̃Iq Kc + x̃Q
q Kd ) + hl,i (x̃q Kd − x̃q Kc )]|
+
2
σηQ

√
√
Q
Q
Q
I
Q
E[hIl,i (x̃Iq Kc + x̃Q
2ρη [ylI − E(hIl,i x̃Iq − hl,i x̃Q
q )]{yl −
q Kd ) + hl,i (x̃q Kd − x̃q Kc )]}
−
. (48)
σηI σηQ
∂ 2 (ln(Py (ỹ; hi )))
−Np E
=
×
1 − ρ2η
∂(hIl,i )2
∂ 2 (ln(Py (ỹ; hi )))
2
∂(hQ
l,i )

∂ 2 (ln(Py (ỹ; hi )))
∂hIl,i ∂hQ
l,i

−Np E
=
×
1 − ρ2η
−Np E
=
×
1 − ρ2η






2
(x̃Iq )2
(x̃Iq Kc + x̃Q
2ρη x̃Iq (x̃Iq Kc + x̃Q
q Kd )
q Kd )
+
−
2
2
σηI
σηQ
σηI σηQ

2
2
I
Q
(x̃Iq Kd − x̃Q
2ρη x̃Q
(x̃Q
q )
q Kc )
q (x̃q Kd − x̃q Kc )
+
+
2
2
σηI
σηQ
σηI σηQ
I
Q
−x̃Iq x̃Q
(x̃Iq Kd − x̃Q
q
q Kc )(x̃q Kc + x̃q Kd )
+
ση2I
ση2Q
I
Q
I
I
Q
ρη (x̃Q
q (x̃q Kc + x̃q Kd ) + x̃q (x̃q Kd − x̃q Kc ))
+
σηI σηQ

vector of ζ1 and ζ2 , and L is the eigenvector that is calculated
by using λ1 and λ2 .
The moment generation function (MGF) of γ can be given
by the following expression [56]:
⎫
⎧
s
s
2
⎬
⎨%
,
b
tλ
1
j
j
Mγ (t) =
(1 − 2tλj )− 2 exp
, (57)
⎩
1 − 2tλj ⎭
j=1

j=1

where s is the number of correlated noncentral chi-squared
variables. This equation reaches to (36) for SM-MIMO wireless communication systems under the assumption of independent channels.
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