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a b s t r a c t
In recent years, non-orthogonal multiple access (NOMA) has attracted considerable attention as a
promising multi-access technique for next generation wireless communication systems. Media-based
modulation (MBM), which is an emerging index modulation concept, is another technique that can be
considered for next generation wireless communication systems due to its high spectral and energy
efficiency. In this paper, we propose a NOMA-based decode-and-forward relaying system, where MBM
is applied at the source to improve error performance at the relay. We consider a topology consisting
of a single source with a single transmit antenna equipped with multiple radio frequency (RF) mirrors,
one relay equipped with a single transmit and multiple receive antennas, and multiple users equipped
with multiple receive antennas. Pairwise error probability expression for NOMA with multiple receive
antennas is derived and the union bound on bit error rate (BER) for the overall system with imperfect
successive interference cancellation (SIC) is obtained in closed-form. Analytical results are in agreement
with the Monte Carlo simulation results. Moreover, two power allocation optimization problems are
formulated in terms of user fairness and quality of service requirements of the users. BER performance
of the proposed system is also investigated using the optimum coefficients according to the formulated
problems. It is shown that the proposed system outperforms the conventional cooperative NOMA
system in terms of error performance as the data rate increases.
© 2020 Elsevier B.V. All rights reserved.

1. Introduction
Because of its high system capacity and high spectral efficiency, non-orthogonal multiple access (NOMA) is a promising
multi-access technique for next-generation wireless communication networks [1]. Compared to the orthogonal multiple access
(OMA) techniques, such as time division multiple access (TDMA),
frequency division multiple access (FDMA) and code division
multiple access (CDMA), NOMA superposes multiple users’ signals to be served at the same time and frequency resources by
splitting them in the power domain. In NOMA, interference is
controlled by transmitting the users’ signal with different allocated power levels which are based on their channel conditions.
In particular, lower transmission power is allocated to users with
strong channel conditions, while a higher transmission power is
allocated to users with poor channel conditions. At the receiver
side, users can separate their signals by using successive interference cancellation (SIC) technique where higher power allocated
users’ signals are decoded before their own information [2].
∗ Corresponding author.
E-mail addresses: canmehmet@itu.edu.tr (M. Can), ibraltunbas@itu.edu.tr
(İ. Altunbaş), ebasar@ku.edu.tr (E. Basar).
https://doi.org/10.1016/j.phycom.2020.101116
1874-4907/© 2020 Elsevier B.V. All rights reserved.

In recent years, NOMA has attracted remarkable attention and
widely discussed in the literature. The outage probability and
the ergodic sum rate performance of NOMA with randomly deployed users have been investigated in [3]. A cooperative NOMA
transmission scheme is proposed and the results show that cooperative NOMA provides better performance than OMA and conventional NOMA in [4]. Due to its promising performance, many
research studies have been performed on cooperative NOMA
systems. Closed-form outage probability expression of NOMA amplify and forward (AF) relaying networks with multiple antennas
at receivers is given in [5]. Outage performance of downlink
cooperative NOMA via AF relay has been investigated for two
users under Rayleigh fading channels in [6]. NOMA with AF relaying over Nakagami-m fading channels has been investigated
in [7]. NOMA in decode and forward (DF) relaying networks is
introduced in [8]. Different relay selection strategies are proposed
for cooperative NOMA in [9] and [10]. Although the performance
of NOMA extensively investigated in terms of outage probability,
ergodic sum rate and spectral efficiency, there is a few error
rate performance analysis provided in the literature. Closed-form
bit error rate (BER) expression for uplink NOMA over additive
white Gaussian noise (AWGN) channel is given in [11], while BER
performance of uplink and downlink NOMA over fading channels
is considered in [12]. The exact pairwise error probability (PEP)
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expressions for downlink NOMA are derived and a union bound
BER expression is investigated in [13].
Index modulation (IM) that provides additional information
using indices of the main components of digital communication
systems is another spectrum and energy efficient technique for
next generation wireless communication systems [14,15]. Spatial
modulation (SM) [16] and space shift keying (SSK) [17] are wellknown IM applications, where indices of the available transmit
antennas are used for information bits. In the literature, a number
of studies combining IM and NOMA have been reported. NOMASM [18] and NOMA-generalized SSK schemes [19] have been
proposed to mitigate inter-user interference while achieving high
spectral efficiency. NOMA and SM techniques have been combined to avoid the use of the SIC method at the receiver in [20].
SM and NOMA are combined for uplink transmission in [21].
Furthermore, a novel cooperative relaying system using SM-aided
NOMA is proposed in [22].
Media-based modulation (MBM) is a novel IM scheme where
indices of available antenna beam patterns are used to convey
information bits and it provides an attractive performance while
reducing the hardware complexity [23]. While SM and SSK need
significant number of transmit antennas in order to increase the
data rate, MBM can achieve the same data rate even with a
single transmit antenna that is equipped with multiple radio frequency (RF) mirrors or multiple electronic switches [24]. In MBM,
propagation patterns of transmit antennas are changed according
to the ON/OFF status of RF mirrors or electronic switches [25].
The BER performance of an SSK-MBM system is investigated
over Rician fading channels in [26]. A more general concept
that includes SSK and MBM techniques is introduced as channel
modulation in [27]. Quadrature channel modulation concept is
proposed by combining quadrature SM and MBM in [28]. The use
of MBM for the uplink of a massive MIMO system is investigated
in [29] and it has been shown that a BER performance can be
achieved using significantly fewer antennas at the base station
compared to conventional modulation. More recently, two multifunctional reconfigurable antenna designs are developed and
their performances are investigated over Rayleigh fading channels
in [30].
The performance of IM in relaying networks has been widely
discussed in the literature. Performance analysis of SSK in DF
relaying networks has been studied in [31] and [32]. The error
performance of SM in relaying networks with DF protocol has
been analyzed in [33] and [34]. Moreover, performance analysis
of using MBM for transmission at the source and relay nodes is
investigated in [35] and [36]. As seen from the previous studies
in the literature, the error propagation as a result of disturbing
effects in the channel between the source and the relay is an important problem for DF-based relaying networks. IM techniques
can be used to reduce the impact of error propagation at the
relay. Studies in [31–36] are confirmed that the use of IM schemes
at the source and relay nodes provides better error performance
compared to conventional modulation schemes.
Motivated by all of the above and considering hardware simplicity and remarkable error performance of MBM systems, in
this paper, we propose a NOMA-based downlink relaying scheme
employing the MBM technique at the source to improve the BER
performance at the users by reducing error propagation at the
relay.
The main contribution of this paper can be summarized as
follows:

• A NOMA-based downlink relaying scheme, where MBM is
employed at the source, is proposed. In this scheme, MBM
is applied at the source by using a single transmit antenna
and multiple RF mirrors. NOMA is applied between the DF

relay and multiple users. The relay is equipped with a single
transmit antenna while the relay and each mobile user are
equipped with multiple receive antennas.
• The pairwise error performance of the users with multiple receive antennas is derived, and the union bound BER
performance of the overall system with imperfect SIC is
obtained. Moreover, the asymptotic error performance is
investigated.
• Two power allocation (PA) optimization problems are formulated by using the optimization methods proposed for
user fairness [37] and quality of service (QoS) requirements
of the users [38].
• Our results show that the proposed system outperforms
the conventional cooperative NOMA system in terms of BER
performance as the data rate increases.
The rest of the paper is organized as follows. In Section 2, we
describe the system model. In Section 3, the BER analysis of the
NOMA-based downlink relaying with MBM at source is given.
Section 4 proposes the optimal PA algorithms. The theoretical and
computer simulation results are presented in Section 5. Section 6
concludes the paper.
Notation Bold capital and bold lowercase letters denote matrices and vectors, respectively. (·)∗ , |·|, ∥ · ∥ and ℜ {·} denote
the complex conjugate, the absolute value, the Frobenius norm
operation and the real part operator, respectively. Pr(·) and fX (·)
stand for the probability of an event and probability density
function (PDF) of the random variable X . Moreover, CN (µ, σ 2 )
denotes complex normal distribution with mean µ and variance
σ 2.
2. System model
We consider a downlink relaying scenario, as shown in Fig. 1,
where one base station (S) transmits information to K mobile
users, denoted by U1 , U2 , . . . , UK , with the help of a DF relay (R).
At S, the MBM technique is applied by using a single transmit
antenna and Mrf RF mirrors to improve the BER performance at
R. R and each mobile user are equipped with NR and ND receive
antennas, respectively, while R is equipped with a single transmit
antenna. The overall transmission consists of two time slots. We
assume that direct links between S and mobile users are not
available. Also, perfect channel state information (CSI) is available
at the receiving nodes.
In the first time slot, the MBM technique is applied at S, where
an MBM signal is transmitted from S to the R. The bit sequence
b = [b1 b2 · · · bK ], where bi is the sequence of information bits
for Ui , split into two parts as b1 and b2 . b1 = [b1 b2 · · · bm ]
consists of the bits of the first m users and contains Mrf bits and
b2 = [bm+1 bm+2 · · · bK ] consists of the bits of the remaining
users and contains log2 M bits. In transmission, b1 is used for
selection of the active channel state, while b2 is mapped into the
symbol chosen from M-QAM constellation diagram.
The received signal at R is expressed as
yR =

√

PS hl xq + nR

(1)

where PS is the transmit power at S, hl is the lth column of the
SR
corresponding equivalent MBM channel matrix, H = [hSR
1 h2 · · ·
Mrf
hSRMrf ], with each element of hSR
,
m
=
1
,
2
,
.
.
.
,
2
,
being
inm
2
dependent and identically distributed (i.i.d.) as CN (0, 1), xq is the
corresponding M-QAM symbol and nR is the additive noise vector
at R whose elements are i.i.d. random variables with CN (0, N0 ).
The detector at R jointly estimates the active channel state
index l̂, and the M-QAM symbol x̂q , with maximum-likelihood
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Fig. 1. System model with K users.

3. Performance analysis

(ML) decision rule, as

√

[l̂, x̂q ] = arg min ∥yR − hl PS xq ∥2

(2)

l, q

and decodes the bit sequence b̂ = [b̂1 b̂2 · · · b̂K ].
In the second time slot, NOMA is applied at R. Here, R uses
multilevel (L) QAM as well and transmits the superposition symbol
s=

K
∑
√
αi PR x̂i

(3)
Pe,i ≤

i=1

to the K mobile users, where PR is the transmit power at R, x̂i
is the corresponding L-QAM symbol of∑the Ui ’s decoded bits b̂i ,
K
and αi is the PA coefficient of Ui with
i=1 αi = 1. Without loss
of generality, we assume that users’ channel gains are ordered
as ∥hRD1 ∥2 < ∥hRD2 ∥2 < · · · < ∥hRDK ∥2 , where hRDi = [h1RD h2RD
i

N

i

· · · hRDDi ] is the channel vector between R and Ui and each element
is being i.i.d. random variable as CN (0, 1) for i = 1, 2, . . . , K .
Following the principle of NOMA, PA coefficients of the users are
ordered as α1 > α2 > · · · > αK .
The received signal at Ui is
yi = hRDi s + ni

(4)

where ni is the additive noise vector at Ui whose elements are
i.i.d. random variables with CN (0, N0 ).
For each user, the received signal is subject to interference by
signals of other K − 1 users. Therefore, SIC should be employed to
reduce interference by eliminating higher power allocated users’
signals. For example, at Ui , signals of U1 , . . . , Ui−1 will be detected
and subtracted from yi in a successive manner and the rest of the
signals of Ui+1 , . . . , UK will be treated as noise.
For the highest power allocated user U1 , signals of the other
users will be treated as noise and SIC is not required. As a result,
U1 decodes its own signal considering ML detection as
x̌1 = arg min ∥y1 − hRD1
xi

√
α 1 P R xi ∥ 2

x̌i = arg min ∥y′i − hRDi

√

xi

αi PR xi ∥2

(6)

where y′i is the output of the i − 1 SIC iterations and given as [13]:

⎛
y′i = ⎝ αi PR x̂i +

i−1
∑
√
j=1

ˆj+
αj PR ∆

K
∑
√

×

1 ∑∑
LK

xlq

i−1
∏

x

Pr(xlq → xl̂q̂ )

k=i+1

ˆ j = x̂j − x̌j and x̌j denotes the decoded symbol of Uj .
where ∆

(7)

(i)

(

ˆ
Pr x̂i → x̌i |x̂(i) , ∆

)
(8)

)
ˆ (u) e(bi → b̌i )
Pr x̂u → x̌u |x̂ , ∆
(u)

log2 (L)

u=1

where Pe,i denotes the average BER for Ui , Pr(xlq → xl̂q̂ ) is
the PEP at R and stands for erroneously deciding the symbol
as x̂q and active channel state index as l̂ given that the symbol
xq transmitted from the active channel state l. Here, 2Mrf × M
possible combinations of active channel states and signal con(i)

ˆ )
stellation symbols can be obtained for xlq[. Pr(x̂i → x̌i |x̂(i) , ]∆
(i)
denotes[conditional PEP at ]Ui where x̂ = x̂i+1 , x̂i+2 , . . . , x̂K and

ˆ (i) = ∆
ˆ 1, ∆
ˆ 2, . . . , ∆
ˆ i−1 . e(bi → b̌i ) is the number of bits in
∆
error between transmitted and received information. Note that
the product term comes from the SIC operation and the SIC error
since the imperfect SIC operation degrades the BER performance.
3.1. Pairwise error probability at the relay
Pr(xlq → xl̂q̂ ) is the probability of the error event at R, which
corresponds to deciding l̂ instead of l for active RF mirror pattern
and deciding x̂q instead of xq for data symbol. Therefore, using (2)
conditional PEP can be calculated as

⎛√
Pr(xlq → xl̂q̂ | H) = Q ⎝

PS ∥hl xq − hl̂ x̂q ∥2
2N0

⎞
⎠=Q

(√ )
κ

(9)

where Q (·) is the Gaussian-Q function [39]. For flat Rayleigh
fading channel, κ follows Gamma(NR , κ̄ ) distribution and the PDF
of κ is given as [32]
fκ (y) =

⎞
αk PR x̂k ⎠ hRDi + ni

∑
x̌i

l̂q̂

(

(5)

where xi is the possible transmitted signal from the QAM set and
x̌1 denotes decoded signal at U1 .
However, for Ui , i > 1, the ML detection rule becomes

√

In this section, we analyze the BER performance of the proposed system by using the union bound method and PEP. Recalling that the PEP at Ui depends on other users’ transmitted
symbols and SIC operation, to calculate the BER for Ui , all possible
scenarios on other users’ signals should be considered.
The average BER of the proposed system can be evaluated by
using the union bound method [39] as follows

yNR −1 e−y/κ̄

(10)

κ̄ NR (NR − 1)!

where

κ̄ =

⎧
⎨

PS
2N0

⎩

PS
2N0

2

|xq − x̂q |
(
)
2
|xq |2 − |x̂q |

if

l = l̂

if

l ̸ = l̂.

(11)

4

M. Can, İ. Altunbaş and E. Basar / Physical Communication 41 (2020) 101116

Using the moment generating function (MGF) approach [40],
unconditional PEP given in (9) can be obtained as
1

Pr(xlq → xl̂q̂ ) =

i

π

∫

(

2

Mκ

π

Applying successive binomial expansions and denoting bm =
1
and α = K − i + k, last term in (20) can be written as [5]:
m!κ̄ m

)

1
2 sin2 (θ )

0

dθ

(12)

Φ=

where Mκ (·) is the MGF of the κ which is expressed as [40]
Mκ (s) =

1

.

(1 + sκ̄ )NR

[N −1
D
∑

]α
bm y

m

= b0 +

=

α ( )
∑
α

k1

k1 =0

Substituting (13) into (12) and using [40, Eq.5A.4b], PEP at the
relay can be computed as

=

∑ (NR − 1 + k)

Pr(xlq → xl̂q̂ ) = µNR

k

k=0

where µ =

1
2

(

1−

√

κ̄/2
1+κ̄/2

)

[1 − µ]k

×

(14)

k1
α α−
∑
∑

∑ (α − k1 )

α−k1 −···−kND −2

∑

···

and

·

denotes the binomial coeffi-

(i)

ˆ , hRD
Pr x̂i → x̌i |x̂(i) , ∆
i

βi =

(
=Q

∥hRDi ∥βi
νi

)
(15)

⎡
⎤⎫
i−1
K
⎬
∑
∑
√
√
ˆi⎣
ˆ ∗u +
ˆ i |2 + 2ℜ ∆
αi PR |∆
αu PR ∆
αj PR x̂∗j ⎦
⎭
⎩
⎧
⎨

ˆ i |.
2N0 |∆

in (12). Therefore, we should first derive the Mκi (s)

expression.
For flat Rayleigh fading channel unordered κi follows Gamma
(ND , κ̄i ) distribution where κ̄i =

βi2

2 . The PDF and the cumulative

νi

distribution function (CDF) of the unordered κi are given by
fκ̃i (y) =

yND −1 e−y/κ̄i

(18)

N

κ̄i D (ND − 1)!

Fκ̃i (y) = 1 − e

−y/κ̄i

k2

(
)
α − k1 − · · · − kND −2
k1

e−sy fκi (y)dy
i−1
∑
⋃
k=0

(−1)k Uk′ Vk′

∫

∞

e

(
)
1
− s+ α+
y ND +k̄−1
κ̄i

y

dy

0

k′

(22)
where

⋃

≜

∑α−k1 −···−kND −2

∑α−k1

∑α

k2 =0 · · ·
(α−k1 −···−kN −2 )

k1 =0

k′
( α )(α−
)
k

kN −1 =0
D

, Uk′ =

α−k1 −···−kND −1
bN − 1
D

(K −1)(i−1)
i−1

∏ND −2

k
k

m+1
D
···
, Vk′ =
,
m=0 bm
k1
and k̄ = (ND − 1)(α − k1 ) − (ND − 2)k2 − (ND − 3)k3 − · · · − kND −1 .

×

1

k1

k2

Mκi (s) =

i−1
∑
⋃

K

κ̄

ND
i (ND

− 1)!

k=0

k′

(−1)k Uk′ Vk′ (

Γ (ND + k̄)
)ND +k̄

ND −1

∑ 1
(y/κ̄i )m .
m!

(19)

m=0

(23)

s+(α+1)

κ̄i

where Γ (·) denotes the complete gamma function.
Substituting (23) into (12) and using [41, Eq.3.682, Eq.8.384],
the conditional PEP at Ui can be computed as

(17)

)
ˆ (i) can be calculated by replacing κ by κi =
Pr x̂i → x̌i |x̂(i) , ∆
(

νi2

k1

···

ȷ̂=i+1

and

∥hRDi ∥2 βi2

( )(
)
α
α − k1

Using [41, Eq.3.381.4], Mκi (s) can be rewritten in closed-form

(16)

√

bm y

as

u=1

νi =

]α−k1 −k2
m

∞

κ̄iND (ND − 1)!

is the conditional probability of the er-

where βi and νi are given as

√

(b1 y)

[N −1
D
∑

bm y

m=1

· · · (bND −2 yND −2 )kND −1 (bND −1 yND −1 )α−k1 −···−kND −1 .

K

=

)

k2

]α−k1
m

0

ror event at Ui , which corresponds to deciding symbol x̌i instead
of the transmitted symbol x̂i from R and conditioned on other
users’ symbols and SIC detection. Conditional PEP for Ui is given
by [13]

(

k1

k1 = 0

[N −1
D
∑

Substituting (21) into (20), Mκi (s) can be given as

3.2. Pairwise error probability at the users

)

=

k
b01

(21)

(·)

∫

(i)

α ( )
∑
α

m=2

kN −1 =0
D

Mκi (s) =

(

k2

k2 =0

k
b01 (b1 y)k2 (b2 y)k3

cient.

ˆ
Pr x̂i → x̌i |x̂(i) , ∆

bm y

m

α−k1
k
b01

k1 =0 k2 =0

NR −1

∑
m=1

m=0

(13)

]α

ND −1

[

(i)

ˆ )=
Pr(x̂i → x̌i |x̂(i) , ∆

K

i−1
∑
⋃

(−1)k Uk′ Vk′ Qk
N
κ̄i D (ND − 1)! k=0 k′
(
)
1
2α + 2
Γ (2(ND + k̄))
×
, ND + k̄; ND + k̄ + 1;
2 F1
2
κ̄i + 2α + 2
Γ (ND + k̄ + 1)
(24)

where Qk = (

2
4+

)
(α+1) ND +k̄

and 2 F1 (·, ·; ·; ·) denotes Gauss hyper-

κ̄i

geometric function [41].
By substituting (14) and (24) into (8), the average BER of the
proposed scheme can be obtained. Since the final expression is
relatively long and complicated, we omitted this for the clarity of
the presentation.
3.3. Asymptotic error probability analysis

Therefore, the PDF of the ordered variable κi can be calculated as
fκi (y) =

=

K!

]i−1 [

[

(K − i)!(i − 1)!

fκ̃i (y) Fκ̃i (y)
i−1
∑

K!
(K − i)!(i − 1)!

k=0

(−1)k

(

1 − Fκ̃i (y)

i − 1 e−y/κ̄i (y/κ̄i )ND −1

)

k

κ̄i (ND − 1)!

[N −1
]K −i+k
D
∑
1
−y(K −i+k)/κ̄i
m
×e
(y/κ̄i )
.
m!
m=0

In this subsection, we analyze the asymptotic BER performance of the proposed system. In this regard, we investigate the
previously derived PEP results at high SNR values to calculate the
asymptotic PEP at the relay and users, respectively.

]K −i

(20)

3.3.1. Asymptotic pairwise error probability at the relay
The MGF of κ can be approximated at high SNR values as

(
Mκ (s) ≈

1
sκ̄

)NR

.

(25)
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Substituting (25) into (12) and using [41, Eq.3.621, Eq.8.384]
asymptotic PEP at the relay can be computed as

4. Power allocation optimization

2NR −1 Γ (NR + 12 )
.
Pr(xlq → xl̂q̂ ) ≈ √ N
π κ̄ R Γ (NR + 1)

In NOMA systems, PA is an important factor in achieving
satisfactory performance for all users. In this section, two optimization problems are formulated by using the optimization
methods proposed in the literature for user fairness and QoS
requirements of the users.
PA can be designed to enhance user fairness. In [37], the
authors have studied max–min fairness in NOMA to achieve the
same data rate among all users. Firstly, we formulate the optimization problem for user fairness by considering the users’ BERs:

(26)

At the high SNR values, the PEP expression can be approximately
written as [42]
Pr(xlq → xl̂q̂ ) ≈ (Gc κ̄)−Gd

(27)

where Gc and Gd are coding and diversity gain, respectively.
From (26), the diversity gain of the transmission from S to R
can be obtained as Gd = NR , and the coding gain can be derived
as

(
Gc =

NR −1

2

Γ (NR +

1
)
2

√
π Γ (NR + 1)

.

3.3.2. Asymptotic pairwise error probability at the users
For high SNR values, the PDF and CDF of unordered κi are
asymptotically given by
fκ̃i (y) ≈

yND −1

κ̄

Fκ̃i (y) ≈

ND (N
D
ND

(29)

− 1)!

y

κ̄ ND ND !

.

(30)

∑

αi = 1

(35)

α1 > α2 > · · · > αK .
When the above optimization problem is considered, the performance of the user with a strong channel condition is close to the
performance of the users with poor channel conditions.
Besides user fairness, in many practical communication scenarios, users have different QoS requirements [38]. Secondly, we
formulate the optimization problem for increasing the performance of the lowest power allocated user, which has a strong
channel condition, while the other users satisfying specific BERs:
Minimize Pe,K
s.t.

K
∑

αi = 1

(36)

i=1

Substituting (29) and (30) into (20), the PDF of the ordered κi can
be approximated as
fκi (y) ≈

, ∀i = 1, 2, . . . , K

i=1

(28)

As clearly seen, NR is an important factor for both diversity and
coding gains at the relay. Increasing NR increases these gains as
well.

max{Pe,i }
K

s.t.

)− N1

R

Minimize

iND −1

K!

ND y

(K − i)!(i − 1)! κ̄

iND
(ND
i

)i

!

.

(31)

α1 > α2 > · · · > αK
Pe,i < Pth,i

, ∀i = 1, 2, . . . , K − 1

Note that the PA coefficients can be calculated by using numerical
methods such as brute-force searching since analytical solutions
to optimization problems in (35) and (36) are hard to derive.

Using (31), the MGF can be approximated as
Mκi (s) ≈

ND Γ (iND )

K!
(K − i)!(i − 1)!

iN
siND i D (ND

κ

!)i

5. Numerical results

.

(32)

Substituting (32) into (12) and using [41, Eq.3.621, Eq.8.384], the
conditional asymptotic PEP at Ui can be computed as
(i)

ˆ )≈
Pr(x̂i → x̌i |x̂(i) , ∆

K!
(K − i)!(i − 1)!

2iND −1 Γ (iND + 21 )

√

π iκ̄ iND (ND !)i

.
(33)

From (33), the diversity gain of the transmission from R to Ui can
be obtained as Gd,i = iND , and the coding gain can be derived as

(
Gc ,i =

K!
(K − i)!(i − 1)!

2iND −1 Γ (iND + 12 )

√
π i(ND !)i

)− iN1

D

.

(34)

It can be observed from these expressions that both user order
and ND significantly affect the coding and diversity gains at the
users. In addition to increasing ND , the higher ordered user has
higher coding and diversity gains.
By substituting (26) and (33) into (8), the asymptotic BER
expression of the proposed system can be obtained. According
to this asymptotic BER analysis, the achievable diversity gain
of the system at the high SNR regime can be given as Gd,i =
min{NR , iND }. As we will show in Figs. 3 and 4, in the following
section, increasing NR , ND and user order increases the diversity
and/or coding gain of the overall system as well, hence provides
significant SNR gains.

In this section, we present numerical and Monte Carlo simulation results for the BER performance of the proposed system.
Unless otherwise stated, we set the same spectral efficiency η for
all users, the receive antennas at R and at the users are the same
as NR = ND = Nr and transmit power at S and R are equal as
PR = PS = P. NOMA applied at R and the modulation order is set
as L = 2η for Ui .
Fig. 2 compares the BER performance of the proposed system
with the conventional cooperative NOMA system for different
spectral efficiencies and for Nr = 4 in the case of two users. At S,
Mrf = 1, 2 and 4, M = 2, 4 and 16 for the proposed system,
and M-QAM modulation applied for conventional cooperative
NOMA with M = 4, 16 and 256 for η = 1, 2 and 4 b/s/Hz,
respectively. At R, PA coefficients have been arbitrarily chosen as
α1 = 0.8, 0.85 and 0.97, α2 = 0.2, 0.15 and 0.03 for η = 1,
2 and 4 b/s/Hz, respectively. As seen in Fig. 2, the conventional
system performs slightly better than the proposed system for
η = 1 b/s/Hz. However, the proposed system provides much
better performance for all users compared to the conventional
system as η values increase because MBM provides better BER
performance at higher bandwidth efficiency compared to conventional modulation schemes. In particular, at a BER value of 10−4
and for η = 2 b/s/Hz, proposed system provides approximately
2.5 dB SNR gain for each user. At the η = 4 b/s/Hz, the proposed
system provides approximately 5 dB and 1 dB SNR gain for U1
and U2 , respectively. Because of its small PA coefficient and the
SIC operation, the performance of U2 is slightly inferior with
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Fig. 2. BER performance comparison of the proposed system with the conventional cooperative NOMA system for η = 1, 2 and 4 b/s/Hz and Nr =
4.

respect to U1 at low and moderate SNR values. However, U2 will
provide better performance than even U1 at high SNR values due
to its better channel conditions. At high SNR values, the proposed
system will provide a more significant gain for U2 compared to
the conventional system.
In Fig. 3, the BER performance of the proposed system is given
for η = 1, 2 and 3 b/s/Hz where Nr = 3. At S, Mrf = 1, 2 and
3, M = 2, 4 and 8 for η = 1, 2 and 3 b/s/Hz, respectively. At
R, PA coefficients have been chosen as α1 = 0.8, 0.85 and 0.95,
α2 = 0.2, 0.15 and 0.05 for η = 1, 2 and 3 b/s/Hz, respectively.
It is shown in Fig. 3 that the derived union bound expressions,
evaluated from (8), become very tight with increasing SNR for all
η values. In addition, the asymptotic BER expressions are wellmatched at the high SNR regime. Even if less power is allocated
to U2 than U1 , U2 will perform better BER performance with
increasing SNR since it has better channel condition. Because of
the allocated power for U2 decreases with increasing η values,
the BER performance of U2 outperforms U1 at higher SNR. For
example, U2 outperforms U1 at 5, 13 and 32 dB for η = 1, 2 and 3,
respectively. Moreover, we can observe from the high SNR regime
that the diversity gains of the users are Gd,1 = Gd,2 = Nr = 3 for
all η values.
In Fig. 4, the BER performance of the proposed system is given
for Nr = 1, 2 and 4 where η = 2 b/s/Hz, and PA coefficients are
α1 = 0.85 and α2 = 0.15. As seen from Fig. 4, the analytical
results are in agreement with the computer simulation results
with increasing SNR and the asymptotic results are very tight
at the high SNR regime. From Fig. 4, it is observed that the BER
performance of all users has significantly improved by increasing
receive antenna numbers. Moreover, the diversity gains of the
users are Gd,1 = Gd,2 = Nr .
In Fig. 5, BER performance for three users case is investigated
at η = 1 and 2 b/s/Hz where Nr = 2. At S, Mrf = 2 and 4, M = 2
and 4 for η = 1 and 2 b/s/Hz, respectively. At R, PA coefficients
have been chosen as α1 = 0.7, α2 = 0.24 and α3 = 0.06. As seen
from Fig. 5(a), the union bound provides exactly the same result
with simulation results for η = 1 b/s/Hz. From Fig. 5(b), union
bounds become very tight with increasing SNR for η = 2 b/s/Hz.
The optimum PA for the case of two users is investigated in
Fig. 6 according to the formulated optimization problems in (35)
and (36) for η = 2 b/s/Hz and Nr = 4. BER union bounds
are evaluated for U1 and U2 at NP = 5, 15 and 25 dB over α2
0

Fig. 3. BER performance of the proposed system for η = 1, 2, and 3 b/s/Hz,
Nr = 3.

Fig. 4. BER performance of the proposed system for Nr = 1, 2, and 4, η = 2
b/s/Hz.

with step size 0.005 and are shown in Fig. 6(a). It can be seen
from Fig. 6 that U2 can achieve the best performance at α2 = 0.2
and the performance of U2 decreases with increasing α2 after this
value for each NP . It is because the signal of U1 is erroneously
0
detected due to imperfect SIC and this causes error propagation.
U1 attains lower BER when α2 approaches to zero because of
negligible interference from U2 . However, U2 performs poor BER
for this scenario, hereby, user fairness is not satisfied. Moreover,
the optimum PA coefficients are calculated by brute-force search
method according to the first (A1 ) and second (A2 ) optimization
problem, which are based on user fairness and QoS requirements
of the users, respectively, from the evaluated union bounds. From
Fig. 6(a), the optimum PA coefficients are at the point where
union bounds are closest to each other for A1 . The optimum PA
coefficients for A1 are α2 = 0.155, 0.15, 0.09 at NP = 5, 10, 20
0
dB, respectively. For A2 , the threshold BER for U2 is determined
according to the achieved fairness BER (Pe,f ) value in A1 as Pth,1 =
Pe,f × 100.5 . As can be seen from Fig. 6(a), the optimum PA
coefficients for A2 are α2 = 0.175, 0.19, 0.14 at NP = 5, 10, 20
0
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Fig. 6. PA optimization for two users case where η = 2 b/s/Hz and Nr = 4. (a)
BER union bounds for U1 and U2 over α2 for NP = 5, 15, 20 dB. (b) The optimal
0

Fig. 5. BER performance of the proposed system for three user, η = 1 and 2
b/s/Hz, Nr = 2. (a) BER curves for η = 1 b/s/Hz. (b) BER curves for η = 2 b/s/Hz.

dB, respectively. Moreover, the optimum PA coefficients over NP
0
for A1 and A2 are shown in Fig. 6(b). From Fig. 6, as increased the
P
, PA coefficient for U1 increases for both algorithms A1 and A2 .
N0
In Fig. 7, BER performance of the proposed system is investigated with the optimal PA coefficients according to NP values.
0
As seen from Fig. 7, when PA coefficients are chosen according
to A1 , the same BER performance for both users is provided after
P
= 14 dB. When coefficients are chosen according to A2 , BER
N0
performance of U2 is increased while the threshold BER value for
U1 is ensured and a 1 dB SNR gain is provided.
6. Conclusion
In this paper, we have proposed an NOMA-based downlink
relaying system with MBM at source. The PEP expression of

PA coefficients over

P
N0

according to PA algorithms A1 and A2 .

the NOMA system with multiple receive antennas at users is
derived. Moreover, the analytical BER of the overall system has
been obtained by using the union bound method. It has been
proved that the analytical and simulation results match very
well. Then, the performance of the proposed system has been
compared with conventional cooperative NOMA and it has been
shown that the proposed system outperforms the conventional
cooperative NOMA system in terms of BER as data rate increases.
Furthermore, the effect of the PA coefficients has been investigated. Additionally, two optimization problems that aim to find
the optimum PA coefficients in terms of user fairness and QoS
requirements of the users are formulated. Finally, BER performances with optimum PA coefficients for both algorithms have
been investigated. Our results have revealed that the use of MBM
is a promising technique for NOMA-based relaying systems with
its remarkable error performance and hardware simplicity. Our
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Fig. 7. BER performance with the optimal PA coefficients for each
according to PA algorithms A1 and A2 .

P
N0

value

future work will focus on designing new transmission schemes
that allow the use of MBM in both the source and the relay in
cooperative NOMA systems.
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